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PREFACE 
A large number of papers have appeared in the literature 
dealing with the recurrence relations of order statistics and 
characterizations through order statistics. These recurrence 
relations and characterizations results are obtained for 
particular distributions. But perhaps attempts were not made to 
unify these results. 
This study embodied a unified approach to the study of 
recurrence relations between expectation of functions of one and 
two order statistics from truncated and non-truncated class of 
continuous distributions. These results are then used to 
characterize class of distributions. Product and Ratio moments of 
order statistics from Burr, Wei bull and Exponential distributions 
are also obtained. 
The work contained in this thesis is spread over in five 
chapters. A comprehensive bibliography has been given at the end, 
which we have consulted during our research. 
Chapter One, is expository in nature and provides a brief 
review of the concepts and results concerning order statistics 
used in subsequent chapters. 
In Chapter Two, recurrence relations between expectations of 
function of single order statistic have been obtained. These 
results are then employed to establish the recurrence relations 
between moments, moment generating functions, characteristic 
— CI) — 
functions and distribution functions of order statistics for some 
class of doubly truncated and non-truncated distributions. The 
specific distributions considered as a particular case of the 
general class of distributions are Power functions, Pareto, Beta 
of the first kind, Weibull, Burr type III and XII, Rectangular, 
Rayleigh, Exponential, Lomax, Log-logistic, Cauchy, Generalized 
Linear-Exponential and Inverse Weibull Distributions. 
Chapter Three, recurrence relations between expectations of 
function of two order statistics are obtained. These results are 
then used to established the recurrence relations between 
product moments. Joint moment generating functions, quasi-ranges, 
characteristic functions for the class of distributions In 
Chapter Two. 
Chapter Four, deals with Ratio and Product moments of two 
order statistics of different order from Weibull, Exponential and 
Burr distributions have been obtained. Further, moments and 
inverse moments of single order statistic are deduced from the 
product moments. Numerical values of Product and Ratio moments 
are tabulated for Weibull distribution for different values of 
parameters of the distribution. 
Chapter Five, class of truncated and non-truncated 
distributions considered in Chapter Two are characterized using 
the recurrence relations between expectations of function of one 
and two order statistics. 
— CII5 — 
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INTRODUCTION 
1.1. ORDER STATISTICS 
Let X. , Xp f X be a random sample of size n from a 
specified or unspecified population arranged in nondecreasing 
order, X. ^ < X^ ^ < :^  X^ .^ Then X. ^, X^ ^ X^ ^ are 
l :n 6: n n:n l ;n 2: n n; n 
collectively called the order s t a t i s t i c s of the sample and X 
Cr=l, 2 n? i s called the r-th order s t a t i s t i c of the 
sample. Order s t a t i s t i c s i s that branch of the subject of 
s t a t i s t i c s which deals with the mathematical properties of order 
s t a t i s t i c s and with s t a t i s t i c a l methods based upon them. 
There i s vast l i t e r a t u r e on order s t a t i s t i c s . The book 
edited by Sarhan and GreenbergC19G2? on order s t a t i s t i c s 
developed in the early 1900s which i s reminiscent for i t s 
numerous tables re ta ins the usefulness even today. 
HarterCI978-1992) has recently prepared eight-volume annotated 
bibliography of order s t a t i s t i c s with an access of 4700 entr ies . 
David*sC19813 book i s perhaps the f i r s t book on Order S t a t i s t i c s 
dealing in detail with its different aspects. Asymptotic theory 
of extremes and related development of order statistics are well 
described in an applausive work of GalamboasC1978> and on the 
more applied side Gumbel*sC19S8) account continues to valuable. 
Recurrence relations for the moments of order statistics of 
interest have been obtained by Khan et alC1983a,b? for continuous 
distributions. Also references may be made to Barnett and 
LewisC1984:>, Balakrishnan and CohenC199i>, Arnold &t a I. CI 9925 
and the references therein. 
Order statistics and functions of order statistics play an 
important role in statistical theory and methodology. Floods and 
droughts, longevity, breaking strength, aeronautics, 
oceanography, duration of humans, organisms, components and 
devices of various kinds can all be studied by the theory of 
extreme values. The range is widely used, particularly in 
statistical quality control, as an estimate of a. Many short-cut 
test have been based on the range and other order statistics. In 
dealing with small samples the studentized range is useful in a 
variety of ways. Apart from supplying the basis of many of quick 
tests, it plays a key role in procedures for ranking "treatment" 
means in the analysis of variance situation. The studentized 
range is also used in the detection of outliers. 
By applying the Gauss-Markoff theorem of least squares, it 
is possible to use linear functions of order statistics for 
estimating the parameters of distribution functions. This 
application is very useful particularly when some of the 
observations in the sample have been "censored" since in that 
case standard methods of estimation tend to become laborious or 
otherwise unsatisfactory CLloyd, 1952). Life tests provide an 
ideal illustration of the advantage of order statistics in 
censored data. Since such an experiment may take a long time to 
complete, it is often advantageous to stop after failure of the 
first r out of n similar items under test. 
1.2. RECURRENCE RELATIONS AND IDENTITIES Or ORDER STATISTICS 
Order statistics and their moments have concentrated 
attention and interest from the beginning of this century since 
6altonC19025 and PearsonC190e:> studied the distribution of the 
difference of two successive order statistics. Moments of order 
statistics have considerable and fetching importance in the 
statistical literature and have been numerically tabulated 
extensively for several distributions. For example, one can refer 
to DavidC198i:), Arnold and BalakrishnanC19e9), Arnold et 
al.C1992;) for a detailed list of these tables. Recurrence 
relations of order statistics reduce the amount of direct 
computation and hence reduce the time and labour. To reduce the 
amount of direct computation, many authors including JonesC1948), 
6odwinC1949), Khan *t alC 1983a,b), All and KhanC1987:> and 
Si 11 i ttoCl 951, 1964!) carried out independent investigations 
satisfied by the moments of order statistics. Many of these 
relations and Identities are quite useful as they express the 
higher order moments in terms of the lower order moments thus 
making the evaluation of higher order moments easy and in 
addition, provide some simple checks to test the accuracy of 
computation of moments of order statistics. <3ovindaraJuluC1963), 
Arnold and BalakrishnanC1989:) nicely summarized all these results 
and established some more recurrence relations and Identities 
satisfied by single and product moments of order statistics. They 
then systematically applied these results in order to determine 
the maximum number of single and double integrals to be evaluated 
for the calculation of means, variances and covarlances of order 
statistics in a sample of size n, assuming the quantities for all 
sample sizes less than n are knovm. By a simple generalization of 
one of the results of (3ovindaraJuluCi9G3), Jo5hlC197i;) determined 
that for distributions symmetric about zero the number of double 
integrals to be evaluated for even values of n is infact zero. 
Joshi and BalakrishnanC1982) established similar results for any 
arbitrary continuous distribution and applied them to improve 
over the bounds of c5oYindaraJuluC1963). Yet another interesting 
application of these recurrence relations and identities among 
order statistics is in establishing some combinatorial identities 
and this has been demonstrated by Joshi CI 973!) and Joshi and 
BalakrishnanC198i:>. Malik et a I. CI 988) have listed and analyzed 
all these results for moments of order statistics from an 
arbitrary continuous distribution in their expository review 
a r t i c l e on t h i s l i n e . Also Balakrlshnan &t al.C198e.^ c i t ed 
s imi lar r e s u l t s on moments of order s t a t i s t i c s from some spec i f i c 
continuous d i s t r i b u t i o n s . 
Order s t a t i s t i c s play an important r o l e in s t a t i s t i c s t o 
cha rac t e r i ze the d i s t r i b u t i o n s . The recurrence r e l a t i o n s for 
s ing le and product moments of order s t a t i s t i c s obtained by Khan 
et alC1983a,b) have n ice ly been applied t o c h a r a c t e r i z e the 
concern d i s t r i b u t i o n s CKhan and Khan, 1987; Khan and Al l , 1987) 
Reference may be made t o HuangC1989), Khan and Abu-SalihC1989), 
eovindaraJuluC1975), Li nC 1988, 1989:), Hwang and LinC1984), 
KampsC1991) and o the r s . 
1.3. ORDER STATISTICS AND THEIR DISTRIBUTIONS 
In this section we will discuss the basic distribution 
theory of order statistics by assuming that population is 
absolutely continuous. Let us assume that X,, Xg, ... , X be a 
random sample from an absolutely continuous population with 
probability density function Cpdf!) fCx? and cumulative 
distribution function Ccdf) Fdx) and let X, ^ < X^ ^ < ... < X^ ^ 
1: n 2: n n: n 
be the order statistics obtained by arranging the preceding 
random sample in increasing order of magnitude. Consider the 
event x < X :£ x+«5x, where i5x is a small positive increment and 
r: n 
we have 
PCx<X^.^<x+6x) = ^r-i^Kri-r!)! [ F^ x^^ l "^ "^  [ 1 "^Cx+ax:)]'^"^ 
[FCx+ax)-FCx)] +0CC«5x?'^ ) CI. 3.1:) 
2 ? 
where OCC6x5 ), a term of order C6x5 , is the probability 
corresponding to the event having more than one X. in the 
interval (x,xt«5x] . From CI.3.1:) we have the pdf of X Cl<x<n) 
'^  r: n 
as 
rPCx < X < X + a x X 
f ^ Cx:> = ZUn •( ^-^ \ 
' (r-i:>V<n-r^\^^^'^^'^ ^ [ l - F C x ^ ] ' ' ^fCx5;-oo<x<oo . . . C1.3.e:» 
The p d f ' s of s m a l l e s t and l a r g e s t o rde r s t a t i s t i c s fo l lows from 
C1.3. e:> a t r = 1 and n r e s p e c t i v e l y 
f, Cx:> = n [ l - F C x ) ] " " ^ f C x ) ; - oo < x < oo CI. 3. 3:) 
f Cx:> = n C F C x ^ l ^ ' ^ ^ f C x ) ; - « < x < oo C i . 3 . 4 : ) 
n: n 
The cumulative d is t r ibut ion functions of the smallest and 
the largest order s t a t i s t i c s are easi ly derived by integrating 
the pdf's in CI. 3. 3:) and CI. 3. 4:) are as 
F, Cx) = l - [ l -FCx:>] "; - 00 < X < 00 CI. 3 . 5 ) 
1 : n •• •" ' 
and 
F Cx:) = [ F C x ) ] ' ^ ; - o o < x < o o C1.3.6> 
n: n '^  ^ ' 
In general, the cdf of X is given by 
F, Cx:) = PCX^ r, - ^^ r: n r: n 
= PC a t l e a s t r of X. , Xg, . . . . X a r e a t most x) 
n 
= y P ( e x a c t l y i of X^, Xg, . . . , X^ a r e a t most x) 
i=r 
6 
n 
= y r J l[FCx:)]^ [l-FCx:>]"~^; - 00 < X < « CI. 3. 7) 
l=r 
The cdf of X may also be obtained by integrating the pdf 
Pill 
of X^ ^ in CI.3.2) as 
r: n 
F^  Cx) « f^  Ct:)dt 
r; n J r; n 
00 r 
•'-0 
•^ 0 ^r-l>ljn-->l I "^-'Cl-v.j"-d. 
= Ipj,^Ci^,n-rtl) CI.3.8:) 
which is Just Pearson'sC1934) Incomplete beta function. 
From the above density function, we obtain the k-th moment 
of X„ ^ to be 
r: n 
'"rfn ° ^^\?n^ = r ""^ ^r.n^'^'^^ CI. 3.9) 
To derive the Joint density function of two order statistics 
X and X CI < x < s < n:), let us consider the event 
(x < Xj,.^ < X + dx, y < Xg.^ < y + 6y); - oo < x < y < oo. 
For small positive 6x and 6y we may write 
PCX < X^.^ < x+ax, y < Xg^^ < y + ay) 
= Cr-i)ICs-r-i:>ICn-s:)tt^^>^3'^"'tF^y:>-F^^^'^x^]""'"' 
[ l-FCy+6y:>] " ^[ FC x+ax5-FC x) ] [ FC y+«5y)-FC y:> ] +OCC.5x)^.5y) + 
OC^xCdy)^ C1.3.10:> 
2 £ 
where 0(,<i6yi> «5y) and 0(<5xC«5y) ) a r e h i g h e r - o r d e r te rms which 
cor respond t o t h e p r o b a b i l i t i e s of t h e even t having more than one 
X^  i n t h e i n t e r v a l Cx,x+«5x] and a t l e a s t one X. i n t h e i n t e r v a l 
(y,y+«5y] , and of t h e even t of having one X. i n (x,x+«5x] and more 
than one X. i n Cx^y+'^y] r e s p e c t i v e l y . 
From C i .3 .105 t h e J o i n t pdf of X^,.^ and X^.^ i s g iven by 
fPCx < X < X + .5x, y < X < y + <5y)] 
^.s.n--' = ,^ -4 '-^ .^^.r-^ j 
i5y-»0 
= C r - i : ) k s - r - i : ) K n - s ^ i t ^ ^ ^ j ' " ' ^ ^ ^ y ^ - ^ ^ " ^ j ' " ' " ' 
[ l-FCy>] ^~^fCx:)fCy:); - 00 < x < y < w . . . CI. 3. l i :) 
The J o i n t pdf of t h e s m a l l e s t and t h e l a r g e s t order 
s t a t i s t i c s i s o b t a i n e d on p u t t i n g r = 1, s = n i n C I . 3 . 1 1 ) and i s 
g iven by 
^1 nn*^^ '^^ = nCn-l)[FCy5-FCx)]"~^fCx:>fCy>; - a)<x<y<oo . . C I . 3 . 1 2 ) 
S i m i l a r l y , by s e t t i n g s = r+1 i n CI. 3 . 1 1 ) , we o b t a i n t h e 
J o i n t pdf of two c o n s e c u t i v e o rder s t a t i s t i c s , X and X . . ^ 
CI < r < n - 1 ) , t o be 
; - ( o < x < y < o o . . . C I . 3 .13) 
The Joint cumulative distribution function of X^ ^ and X^ ^ 
^ r; n s; n 
8 
CI < r < s ! ? n 5 can be o b t a i n as 
^ , B - . n ^ ^ ' y ^ = P C X , ; n ^ > ^ ' ^ s ; n ^ y : > 
= PCat l e a s t r of X. , Xg, . . . » X a r e a t most x and 
a t l e a s t s of X., Xg, . . . » X a r e a t most y) 
n J 
= 2 / PC^xactly 1 of X. , Xg X a r e a t most x 
J=s i= r 
and e x a c t l y J of X. , Xg, . . . . X a r e a t most y) 
n J 
= 1 1 iKj-i?Kn-jMt^^^J^t^^y^-^^>^J^"^t^-^^y^J""^ 
J=s i=r 
C I . 3 . 1 4 ) 
We can w r i t e t h e J o i n t cdf of X^ ^ and X^ ^ i n C1.3.14:> 
'' r : n s; n 
e q u i v a l e n t l y a s 
, s - r - l 
' ' r ,B:n^ '^ 'y^ C r - i : > I C s - r - i 5 K n - 8 ) l j Q J^ Cv-u) ' 
Cl-Y)"~^dudv C I . 3 . 1 5 ) 
= I p ^ ^ P ^ ^ C r , s - r , n - s t l ) ; - a ) < x < y < o o . . . C 1 . 3 . 1 6 ) 
which is incomplete bivariate beta function. 
It may be noted that for x ^ y 
The product moments of J-th and k-th order of X^ and X„ 
"^  r; n s; n 
C l l r < s : £ n ) i s g iven by 
^r;!s-n = ^[^i.u ^ s : n ] = U "^^"^ ^ , s: n^^'^^^^^^^ •• ^1 .4 -16) 
-oo<x<y<oo 
9 
In genera l , the Jo in t pdf of X, , X. , . . . , X, f 
1 ^ 1 . < i g < . . . i . ^ n i s given by 
or 
^ i . , i ^ i ^ : n ^ ^ i , : n ' ^ i ^ :n ^ l ' " a ' i , :n^ 
i . . . - i . - l 
= nl n ^^7 ^—1 fCx, ) •; - 00 < X . < X . < . . < X . < 00 
J ^1 ^2 ^k 
CI.3.19) 
where x^ = - oo, Xj^ ^^ ^ = + oo, i ^ = 0, ij^^j^ = n t l . 
The d i s t r i b u t i o n funct ion of X _ can be express in terms of 
r; n 
negat ive binomial p r o b a b i l i t i e s ins tead of the binomial given in 
CI. 3. 7) as CKhan, ie9i:> 
n-r 
''r^n'^ ^ = 1 ["r-i^Jt'^'^^l'^tl-f''^^] n-r-i oo< x < 0 0 . . CI . 3 . 2 0 ) 
1=0 
SOME COMMENTS 
CD The ranking of random va r i ab le s X., X^ X i s prc«verved 
under any monotonic inc reas ing t ransformat ion of the random 
va r i ab le s . 
C2) Regarding the p r o b a b i l i t y - i n t e g r a l t ransformat ion, i f X . , 
l<r<n, a re the order s t a t i s t i c s fn^m a continuous d i s t r i b u t i o n 
FCx5, then the t ransformat ion U =^FCX J) produces a random 
r; n r: n '^  
variable which is the r-th order statistics from a uniform 
distribution on C0,1). 
10 
C3) Even if X. , Xg X are independent random variables, 
order statistics are not independent random variables. 
C4:> Let X., Xg, ..., X be i.i.d. random variables from a 
continuous distribution. Then the set of order statistics ix. , 
Xg ^n-nl ^ ^ both sufficient and complete CLehmann, 1959:). 
CS^ ) Let X be a continuous random variable. Let E-{X } = IJ 
' r : n r : n 
Ca> u exists provided u exists, but converse is not 
r; n 
necessarily true. Specifically, if ^ does not exist, M^ ,.^  f^ ay 
exist for certain Cbut not all!) values of r. 
Cb:> u for all n determine the distribution completely. 
1.4. TRUNCATED AND CONDITIONAL DISTRIBUTION OF ORDER STATISTICS 
Let X be a continuous random v a r i a b l e having pdf f^ ^Cx) and 
the cdf F.Cx:> in the i n t e rva l [ -00, 00] . 
Let P f.Cx^dx = Q and P f.Cx^dx = P . . . CI. 4.1) 
where Q. and P. are known constants. Then the doubly truncated 
pdf TCyD of fjCxD is given by 
fcx:> = p ^ f^cx:>; X € CQi^Pi) ci.4.2:> 
and the corresponding cdf FCx) is given by 
FCx) = p^rF^Cx:)-Ql; X € CQi-Pi) CI. 4. 3) 
The lower and upper truncation points are Q. , P. respectively; 
the degrees of truncation are Q Cfrom below) and 1-P Cfrom 
above). If we put Q=0, the distribution will be truncated to the 
11 
right and for P=l/, the distribution will be truncated to the 
left. Whereas for Q-0,P-|, we get the non truncolion 
distribution. Truncated distributions are useful in finding the 
conditional distributions of order statistics. 
In the following we will relate the conditional distribution 
of order statistics Ccondltioned on another order statistic) to 
the distribution of order statistics from a population whose 
distribution is a truncated form of the original population 
distribution function FCx>. 
STATEMENT 1.4.1. COavld, 198i;) Let X., Xg, ..., X be a random 
sample from an absolutely continuous population with cdf FCxI) and 
density function fCxI), and let X. i ^2-n - ••• - ^n-n '^'^'^'^ '^^  
the order statistics obtained from this sample. Then the 
conditional distribution of X , given that X = x for r < s, 
S i l l 1 « 11 
is the same as the distribution of the Cs-r5th order statistic 
obtained from a sample of size n-r from a population whose 
distribution is truncated on the left at x. 
STATEMENT 1.4.2. CDavid, leei:) Let X^, Xg, ..., X^ be a random 
sample from an absolutely continuous population with cdf FCx^ ) and 
density function fCyO, and let X. < X^ < ... < X denote 
1: n 2: n n: n 
the order statistics obtained from this sample. Then the 
conditional distribution of X , given that X = y for s > r, 
r; n ^ s; n -^ 
is the same as the distribution of the r-th order statistic 
12 
obtained from a sample of size s-1 from a population whose 
distribution truncated on the right at y. 
S T A T E M E N T 1.4.3, Let X., Xg X be a random sample from an 
absolutely continuous population with cdf FCx> and density 
function fCx), and let X. < X^ -^  . . . :< X dr-nolr the order 
1: n 2: n Ti; n 
statistics obtained from this sample. Then the conditional 
distribution of X„ _, given that X ^ = x and X. = z for r < s 
8: n r; n k: n 
< k, is the same as the distribution of the Cs-r:)th order 
statistic obtained from a sample of size k-r-1 from a population 
whose distribution is truncated on the left at x and on the right 
at z. 
PROOF; From C1.3.19:>, we can show that the Joint density 
function of X^.^, X^.^, and X. . ^  CI < r < s < k < n:) is given by 
r 1 n s. n K . n 
n! r-1 
^r,s,k:u^^''^''^-^ ~ <:r-l)!Cs-r-i:)ICk-s-l>Kn-k>l t^^^l 
[ FCy>-FCx)] ^~^~^[FCz5-FCx)] '^~^~^[ l-FCz5] ^~^ 
f C x ) f C y 5 f C z ) ; - o o < x < y < z < o o . . . C1.4.6:> 
From equations CI. 4.65 and CI. 3.11;), we obtain the conditional 
density function of X„ _ given that X^ _ = x and X, _ = z, to be 
-^  S;n r:n k:n 
f Cy|X = X, X. = z') 
s: n -' ' r: n k; n 
_ ^,s,k;n^^'y'^^ 
" ^,k:n^^'^^ 
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" C8-r-i:)Kk-s-ni [FCZ)-FCX)J [FCZ)-FC>C^J Fra^fer-
X < y < z C1.4.4> 
The result follows Immediately from CI. 4.4:) upon noting that 
FCz^-FC>0 *'^"^  FC )-FCx3 '^^ ^ ^ '^* "^"^^ *'^"^  density function of the 
population whose distribution is obtained by truncating the 
distribution FCx) on the left at x and on the right at z. 
1.5. SOME CONTINUOUS DISTRIBUTIONS. 
I. PARETO DISTRIBUTION: A random v a r i a b l e X i s sa id t o have the 
Pareto d i s t r i b u t i o n i f i t s p r o b a b i l i t y dens i ty function Cpdf!) and 
d i s t r i b u t i o n function Cdf) a re of the form 
fCx) = pXp'x"'^'^'^^^; \ < x < o o ; \ , p > 0 
Fd-K) = l - \ P x ~ P ' ; \ < X < o o ; \ , p > 0 
Many socio-economic and n a t u r a l l y occurr ing q u a n t i t i e s are 
d i s t r i b u t e d according t o Pareto law. For example, d i s t r i b u t i o n of 
c i t y populat ion s i z e s , personal income e t c . . 
I I . POWER FUNCTION DISTRIBUTION: A random va r i ab le X i s said to 
have a Power function d i s t r i b u t i o n i f i t s pdf fCx) and FCx? are 
of the form 
fC X) = p\~PxP~^; 0 < x < \ ; \ , p > 0 
and the cumulative distribution function is given by 
FCyO = X'^^x^; 0 < x < \; \, p > 0 
The Power function distribution is used to approximate 
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r ep resen ta t ion of the lower t a i l of the d i s t r i b u t i o n of random 
va r i ab l e having a f ixed lower bound. I t may be noted tha t i f X 
has a Power function d i s t r i b u t i o n , then Y=i/X has a Pareto 
d i s t r i b u t i o n . 
I I I . BETA DISTRIBUTION: A random va r i ab l e X i s sa id t o have the 
Beta d i s t r i b u t i o n i f i t s p r o b a b i l i t y dens i ty function i s of the 
form 
fCx5 = gtpTqy x^~^<^l-x:''^~S 0<x<l, p , q > 0 
Beta d i s t r i b u t i o n a r i s e s i s as the d i s t r i b u t i o n of an ordered 
var iab le from a rec tangular d i s t r i b u t i o n . Suppose X^.^ i s an 
ordered sample from UCO,i:), then X ~ BCr,n-r+l) . Thie standard 
rectangular d i s t r i b u t i o n RC0,1> i s the specia l case of Beta 
d i s t r i b u t i o n obtained by pu t t ing the exponents p and q equal to 
1. If q=l , the d i s t r i b u t i o n i s some times ca l l ed Power function 
d i s t r i b u t i o n . The Beta d i s t r i b u t i o n i s one of the most f requent ly 
employed d i s t r i b u t i o n t o f i t t h e o r e t i c a l d i s t r i b u t i o n s . Beta 
d i s t r i b u t i o n may be applied d i r e c t l y t o the ana lys i s of Markov 
processes with "uncer ta in" t r a n s i t i o n p r o b a b i l i t i e s . 
IV. WEIBULL DISTRIBUTION: A random v a r i a b l e X i s sa id t o have a 
Wei bull d i s t r i b u t i o n i f i t s p r o b a b i l i t y dens i ty function i s given 
by 
fCx:) = e p x ^ ' ^ e " ^ ^ ; O < X < CO; e > 0 , p > - 1 
and the cumulative distribution function is given by 
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FCx) = 1-e ^^ ; O < X < 00; 0 > O, p > -1 
If we put p=l in Wei bull distribution, we get the pdf of 
Exponential distribution whereas for p"=2, it gives Rayleigh 
distribution. The use of Wei bull distribution in reliability and 
quality control is well known. The distribution is also useful in 
cases where the conditions of strict randomness of exponential 
distribution are not satisfied, It is sometimes used as a 
tolerance distribution in the analysis of quantal response data. 
V. BURR TYPE XII DISTRIBUTION: A random variable X is said to 
have a Burr type XII distribution if its probability density 
function is given by 
tCx^ = \epx^~'^(.l+eyP:>~^^'^^-^; O < x < oo; \, p, ^ > 0 
and the cumulative distribution function is given by 
FQyO = 1-CI+0x^5"^; 0 < X < oo; \ , p, 6 > 0 
This distribution is frequently used for purpose of graduation 
and in reliability theory. At p=i, it is called Lomax 
distribution whereas for \=1, it is known as Log-logistic 
distribution. 
VI. RECTANOULAR DISTRIBUTION: A variable X is said to have a 
Rectangular distribution if its probability density function is 
given by 
fCx:) = j ^ ; p < X < \ 
and the cdf is given by 
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FC>0 = ^ ; ft < X < \ 
The s tandard Rectangular d i s t r i b u t i o n RC0,15 i s ohtain^'d by 
pu t t ing ^=0 and \=1 . I t i s noted t h a t every d i s t r i b u t i o n function 
follows rectangular d i s t r i b u t i o n RC0,1). This d i s t r i b u t i o n i s 
used in "rounding off" e r r o r s , p r o b a b i l i t y in t eg ra l 
t ransformation, random number genera t ion , t r a f f i c flow, 
generat ion of Normal, Exponential d i s t r i b u t i o n e t c . . 
VII. EXPONENTIAL DISTKIBUTION: A random va r i ab l e X i s said to 
have a Exponential d i s t r i b u t i o n i f i t s p robab i l i t y densi ty 
function i s given by 
fCx:> = ae~^^; o < x < < » ; e > o 
and the cdf is given by 
FCxI) = i -e~^^; O < x < o o ; 0 > O 
The exponential d i s t r i b u t i o n plays an important r o l e in 
descr ibing a l a rge c l a s s of phenomena p a r t i c u l a r l y in the area of 
r e l i a b i l i t y theory. The exponential d i s t r i b u t i o n has many other 
app l i ca t ions . In f a c t , whenever a continuous random va r i ab le X 
assuming non-negative values s a t i s f i e s t he assumption, 
PCX > s+t|X > s) = PCX > t ) for a l l s and t , then X will 
have an exponential d i s t r i b u t i o n . This i s p a r t i c u l a r l y very much 
appropr ia te f a i l u r e law when present does not depend on pas t , for 
example in studying the l i f e of a bulb e t c . . 
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VIII. GENERALIZED LINEAR-EXPONENTIAL DISTRIBUTION: A random 
va r i ab l e X have a Generalized Linear-Exponential d i s t r i b u t i o n i f 
i t s pdf i s given by 
tCx) = C\+epxP'^) e"^^^"^^^ ^; 0 < x < a ) ; \,e,p > 0 
and the cdf i s given by 
FCx) = i - e " ^ ^ ^ ^ ^ ^ ^ ; 0 < X < 00; \ , a , p > 0 
If we put \=0, it becomes Weibull distribution whereas for 6=0; 
and for \=0, p=2, it is Exponential and Rayleigh distribution 
respectively. 
IX. CAUCHY DISTRIBUTION: The pdf of Cauchy distribution is given 
by 
fCx5 = )• -5—^^ p; - < o < x < o o ; \ > 0 , - o o < e < o o 
and the cdf i s given by 
FCx> = I -^  ^ tan' ^ ^ ^ ' - o o < x < o o ; \ > 0 , - o o < 0 < o o 
For \=1,6=0 we get the s tandard form of the d i s t r i b u t i o n and i t 
i s a l so the t - d i s t r i b u t i o n with 1 degree of freedom. I t i s thus 
the d i s t r i b u t i o n of the r a t i o of two independent uni t normal 
v a r i a t e s . The d i s t r i b u t i o n does not admit mean and variance. 
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crtAFra wo 
RECURRENCE RELATIONS FOR THE 
EXPECTATIONS OF A FUNCTION OF 
SINGLE ORDER STATISTIC FROM 
GENERAL CLASS OF DISTRIBUTIONS 
2.1. INTRODUCTION 
Order statistics have been extensively used in problems on 
ranges, quasi-ranges, tolerance limits, estimation of parameters, 
censored samples, selection and ranking problems. 
Many recurrence relations between moments of order 
statistics are available in the literature. Reference may be made 
to Khan et al.C1983:) and Balakrishnan et al.dlQQQ') and references 
therein. 
Here we have obtained general results for finding the 
moments of a function of single order statistics for a general 
class of distributions. These results are then utilized to obtain 
recurrence relations for the function of order statistics for 
general form of doubly truncated and non-truncated distributions 
on the lines of the results developed by Khan et al. CI983a:). 
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Results for specific distributions are deduced from the general 
result. For applications of these distributions, one may refer 
to the Johnson and KotzC1970:) and Arnold et al.C1992). 
Let X. < X^ < < X be the order statistics of 
1; n 2; n n; n 
size n from a continuous distribution having probability density 
function Cpdf) f.Cx) and distribution function Cdf) F.Cx). 
Now if for given P. and Q, 
r^ f.Cx)dx = Q and | ^  f.Cx:>dx = P .... CS.l.i:) 
Then the truncated pdf is given by 
f.Cx:? 
fCx:) = - ^ Z Q - ; X € (Q^,pJ ca.i.a:) 
and the corresponding df is given by 
FCx:) = ^ [ F ^ C X ^ - Q I ; X € (Q^,P^) C2.1.3:) 
The pdf of the r-th order statistic X^ ,.^  Cl < r < n:> is 
given by 
^ ; n ^ ^ = Cr-l^>Cn-r^!CF^^]'"'&-^^^3^"'^^^'^'^ ^  ^ ^'^^ 
C£. 1.45 
Let gdxD be Borel measurable function of x in the interval 
[a ,^ ] , then 
K ^ K ; n ] } = ZT^L^lfj- QCx^D='Cx:)]'^-^[l-FCx5]"-fCx>dx 
C 2 . 1 . 5 ) 
We will throughout use the convention 
E-lgCc^  > = gCc); where c is a constant 
£0 
P i n . 
2.2. RECURRENCE RELATIONS FOR THE SINGLE ORDER STATISTIC 
THEOREM 2.2.1. For i < r < n; n = i , a, . . . 
= p : l j f^ g'c:>op^<:>o]^-^[i-Fc>o] " ~ ^ ^ ^ d x . . . C 2 . 2 . 1 5 
PROOF: From C2.1. 5]), we have 
K''K,n))-K'(''-i--0} 
= fplj] PgCx:>[FCx:>]'^"^[l-FCx)]""^[nFCx5-Cr-i:)]fCx5clx 
Let 
^1 
kCx5 = -[FCx)]"^ ^[1-FCx)]^ "^""^  
then we have 
K^['r:n]} - ^{^[x^-i^^-i]} = p:J] f ' gCx»<<x^ dx 
which on Integration by parts gives C2.2.1). 
THEOREM 2.2.2. For i < r < n, n=i, e 
''' 4K;nj} -K^K-i.nj) 
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= [r-l)f^ g-Cx^Q^OOj-^-^Cl-FOO] "-^^^dx .... Ca.2.2) 
• [r-s]/^ g'Cx)[FCx)]^-l[l-FCx)] " "^ "^ d^x . . . C2.2.3) 
«1 
PROOF: The proof of these are also same as Theorem 2.2.1. Also 
refer to Khan et a.l.C1983a>. 
It is important to note that all the above Theorems lead to 
establish the well known relation CDavid, 1961; pp.47:) 
Cn-D E{g[x^,J} . r E{g[x^,i^ J ) = n E{g[x^^^.jj) .... ce.8.« 
For r = 1 and r = n from Theorem 2.2.1 and £.2.2 we get 
^{^['^lin)} " ^ C^3 ^ J ^  g'Cx5[l-FCx:>]" dx 
and 
We will use the r e s u l t s of Theorem 2.1 and Theorem 2.2 to 
obtain the r e l a t i o n s and I d e n t i t i e s for some general form of 
d i s t r i b u t i o n s . The vjsual technique wil l be t o express [l-FCx.")] or 
[FCX)] as a funct ion of x and fCxD. 
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2.3. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
FjCx) = 1 - [ahCx^+b] ^. 
Suppose the d i s t r i b u t i o n function F.Cx!) i s of the general 
form CKhan and Abu-Salih, 1989:) 
F^Cx:) = l-[ahCx:)+b]^; x e (,a,(J) C2. 3.1) 
where a?<0, b, CP^O are f i n i t e cons tan ts and hCx) i s continuous, 
monotonic and d i f f e r e n t i a b l e function of x. 
Then the t runca ted pdf Tdx) i s given by 
fCx) = p ^ F'Cx^ 
= —p^[ahcx:j+b]^~^ h'Cx:>; x € (Q ,^p^ :> ca.3.a:) 
and the corresponding truncated df FCxI) by 
1-FCx:, = - Pg - |^^2S^ fCx) Ca.3.3) 
v,here Pg = - ^ . 
The s ing le moments E{gCX )> s a t i s f y the following r e l a t i o n s 
and I d e n t i t i e s for the d i s t r i b u t i o n function FCxJ In CS.3.3). 
THEOREM 2.3,1. For i i r < n; n=i, e, . . . 
K ^ K . n ] } = " * V K ^ ' r - l . n - l ] } - Pa K 4 ' ' r : n - l j } 
where mCx) = [ahCx:)+b] ?, ,^ -^  
_ ^ ^ _ a • - - _ _ • • l l l l l l t l V O I - J I ^ J* 
ncr 
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PROOF: From C2.e.i:) and C2.3.3:), we have 
Thus in view of CS.l.S!) and C£.£.i:), RHS reduces to 
and hence the result. 
THEOREM 2.3.2. For i < r < n; n=i, s, . . . 
where ZCx5 = [ahCx5+b]^""^ fi'^^ 
PROOF; From C2.3 .2) , we have on arrangement 
^ cah 'Cx) ^ ^ ^ C2.3 .6 ) 
Now from C2,2.n and C2. 3.e:>, we have 
K^K-]}-K<Vl:n-l]} 
^ ^ ' ^ ( r - i ) f ^ ZC>Op'C>0]'^-^[l-FC>0]^-'^^^ fOOdx 
ca . . . . Q ^ 
^ _ cp-g>cn-r-n:> p./„r„ ^ \ 
nCn+i:Jca ^\'^l,'^r: n+1 J J 
hence the r e s u l t . 
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s i m i l a r l y , w© have 
RECURRENCE RELATIONS OF MOMENTS FOR SOME SPECIFIC DISTRIBUTIONS. 
The r e c u r r e n c e r e l a t i o n s based on Theorem 2 . 3 . 1 for t h e k - t h 
moment of t h e r - t h o rder s t a t i s t i c s a r e o b t a i n e d for some 
s p e c i f i c d i s t r i b u t i o n s by p u t t i n g gCx:> = x ; k = 1 , 2 , . . . and 
a d j u s t i n g a, b , c and hCxi) a s g iven below: 
1. PARETO DISTRIBUTION: F.CX!) = 1 - \'^x '^; \ < x < co 
Put a = \ P , b = 0 , c = 1, hdx) = x"^ so t h a t mCxD = - ^ ^^x*^ arid 
t h e r e c u r r e n c e r e l a t i o n i s g iven by 
This r e l a t i o n was o b t a i n e d by Khan el a l . CI983a:). 
2. PovER FUNCTION DISTRIBUTION: F.CX^J = \ ^x*^; 0 < x < \. 
—rj rj k k ~D 
Set a = - \ *^  , b = 1 , c =» 1 , hCx )^ = x^ RO i h n t mCx^ ) " -Cx *^  -
-D k \ ^x ) and t h e r e c u r r e n c e r e l a t i o n i s g iven by 
^ r : n ~ ^ ^ ^ V ^ r - l : n - l ^2 ^V:n-1 ^ ^ l ^ r : n ^ ^ r : n J 
r i 4. k T Ck? _ ^ , ^ p ^ ,,Ck? p ,Ck:) . k^^ , ,Ck-p) 
or-^ C i -^  ^ ] ^ r : n = ^ ^ ^ V ^ - l : n - l " ^2 ^ : n - l ^ F ^ ^ r : n 
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This i s also the recurrence relation for the Beta distribution of 
-1 
f i r s t kind F^CvD = \ x and Rectangular distribution with F.<:x:) = 
-1 
\ X with p=l, 
-exP 3. WEIBULL DISTRIBUTION; F.CX) = l - e ; 0 < x < (x> 
Set a = l , b = 0, c = l , hCx5 = e"^^ so that mdyO = - ^ x*^ "^  
t*p 
and the recurrence relation is given by 
^r:n '^^^a^ ^r-l:n-l ^a ^ r:n-l np^ ^ r:n 
I t may be noted that at p = 1, i t reduces to the Exponential 
distribution whereas at p = 2, i t i s Rayleigh distribution. This 
relation was given by Khan et al.C1983a:>. 
4. BURR TYPE XII DISTRIBUTION: F.CX5 = 1 - Ci+ex :^) ^; 0 < x < oo 
Set a = ^ , b = 1, c = - \ , hCx:> = x^ so that m(.K) = ^Cx'^ 'P' + ex^:> 
and the recurrence relation is given by 
^r;n = ^^""V ' ' r - i :n- l " ^S ^r:n-l ^ ?ii0pL^r:n ^^ '^r:nJ 
^ ' ' ' [^  - F^J ^V:n " ^ ^ ^ V ^r- l :n-l ^a ^r:n-l ^ nrr^ p ^r:n 
This result was obtained by Khan and KhanC1987:). For p=l and m=l, 
we get recurrence relation for Lomax and Log-logistic 
distribution respectively. 
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THE RECURRENCE RELATIONS BASED ON THEOREM 2 . 3 . 2 ARE AS FOLLOWS: 
1. POWER FUNCTION DISTRIBUTION: FJCX5 = \ ^x^; 0 < -x < K. 
Set a = - \ ~ P , b = 1 , c = 1, hCx) = x "^ so t h a t ZCx) = h^^~^ ^ind 
t h e r e c u r r e n c e r e l a t i o n i s g iven by 
„Ck) _ ,Ck5 . CP-a>k\P ,/k-p:> 
'^r :n ~ ^ r - l : n Cn+15p ^ r : n + l 
2. PARETO DISTRIBUTION: F.<i->0 = 1 - \ ^ x ^; \ < x < oo 
Set & = X^, b = 0, c = 1, hCx.") = x"^ so t h a t Z<iyO = - ^x*^^^ and 
t h e r e c u r r e n c e r e l a t i o n i s g iven by 
,.(ik:> _ .Ck5 . CP^^ joTP Ck+p5 
^ r : n " ' ^ r - i : n Cn+l)p ^ r : n + l 
1 1 - 1 V—<9 
3 . CAUCHY DISTRIBUTION: F^CyO = g+f^^a^i" ( - y - ) ; - oo < x < oo 
Set a = ~ , b = | , c = 1, hCx) = tan"^ ( ^ ) so t h a t ZCx:> = ^^C\^ 
2 k -1 k k +1 
+ ^ ) x - sex +x } and t h e r e c u r r e n c e r e l a t i o n i s g iven by 
^ r : n ^ r - l : n ^ Cn+1)\ [*^ ^ ^^ ^ ^ r : n + l " ^ ^ r : n + l ^ ^ r : n + l j 
For ^=0 i t becomes 
/k:) ^ ck:> ^ cp-(PkfT r.s^ck-n ^ ,/k+i:>i 
This relation was given by Khan et al.C1983a:>. 
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2.4. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
FjCx) = [ahCx)4b] ^. 
Suppose t h e d i s t r i b u t i o n f u n c t i o n F^CyO i s of t h e genera l 
form 
F^Cx5 = [ahCx:)+b]'^; € Ca,/?) ca.4. i :> 
where afO, b, CO are constants and hCx) is continuous, monotonic 
and differentiable function of x in the interval [a,/^ ] . 
Then the truncated pdf fCxI) is given by 
rCyO = p§| [ahCx:)+b]'^ "^  h'Cx); x € (Q^,P^) C2.4.a:> 
and the corresponding df FdyO by 
1-FCx:, = P3 - l ^ ^ ^ f C x ^ Ca.4.3^ 
wher** P3 - p^. 
Now the single moments E|grx^.^ll satisfy the following 
relations for the distribution function FCx5 given in Ce.4.35. 
THEOREM 2.4.1. For 1 < r < n; n=i, a 
-I^f(^:nj} S^'^ -^ ^ 
where mCx> = [ahCx-")+b] ^, ^ ^ as before. 
PROOF: The proof is straight forward on the lines of Thrm. 2.3.1. 
28 
THEOREM 2.4-.2, For i < r < n; n=i, a 
Where ZCx) = [ahC>d+b]^'"^ S 'TxJ *^ b e f o r e . 
PROOF: From C2. 4 . 2 ) we have 
^ ^ C P ^ | M a h | p b l ^ - % ^ ^ C2.4.6:) 
and the proof is obvious. 
Recurrence relations for some specific distributions may be 
obtained by proper choice of a, b, c and hCx^ ) as given in Table 
2 . 4 . 1 . 
TABLE 2.4.T. Examples of CS. 4 .1? D i s t r i b u t i o n . 
D i s t r i b u t i o n Func t ion 
1. Power f u n c t i o n 
F^Cx.-) = x'PxP" ; 0 < X < \ 
2. P a r e t o 
F^Cx:) = l - \ P x ~ P ; \ < X < w 
3, I n v e r s e Wei b u l l 
F^Cx:)»e ^ ^ ; 0 < X < 00 
4. Burr t y p e I I I 
F^Cx:> = [ l + ^ x ' P ) " ^ ; 0 < X < « 
5. Rec tangu la r 
F^Cx)= ^ ; ^ < X < \ 
6. Cauchy 
F^Cx:)=|+^tan"^ ( ^ ) ; - oo < x < 
a 
(K-P 
ix-1 
-KP 
(1 
( i 
f ® 
( l 
f l 
l l . 
1 
n 
00 
b 
0 
0 
1 
0 
0 
1 
1 
0 
1 
2 
c 
1 
P 
1 
1 
e 
- \ 
- \ 
1 
1 
1 
hcx:> 
xP 
X 
x - P 
, - e x - P 
e -x"^ 
x - P 
0x~P 
x-f? 
X 
tan (^  ^ 3 
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2.5. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
Suppose t h e d i s t r i b u t i o n f u n c t i o n F^CyJ i s of t h e genera l 
form 
F^Cx:> = l -be~*^*^^ ; X € ( a , ^ ) Ca .5 .1 ) 
where a?«0, bJ^ O a r e c o n s t a n t s and hCx) i s c o n t i n u o u s , monotonic 
and d i f f e r e n t i a l f u n c t i o n of x i n t h e i n t e r v a l [ct,p']. 
Then t h e t r u n c a t e d pdf fax) i s g iven by 
fCx3 = p ^ e"^^'^ '^ h'Cx:>; x € ( « , / ? ) ^2 .5 .25 
and 1-FCyO = - Pg+ ^ ^ i ^ . ^ fCxJ> Ca. 5. 3) 
where Pg = ^ . 
Let us define WCxI) = ^,^^ . Then single moments E^ g(X )J 
satisfy the following relations for the distribution function 
Fdx) in C2.5. 3:?. 
THEOREM 2.5.1, For i < r < n; n=i, a,... 
PROOF; From C2.2.1? and C£.5,3:) we have 
+ ~ - E^WlX._|y C2.5.45 
= -^2 [r~-l]f' g'Cx:>[Fcx.^]^-^[i-FCx>]^-^dx 
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U r - i ] / ^ WCx5[FC>0]^'^[l-FCx)]^ "^ fCx)dx 
^1 
Now on using C2.2.4) we can gel the required theorem. 
THEOREM 2.5.2. For i * r < n; n=i, s 
PROOF; Starting from Cg.2.2:) and C2.5.3:>, we can prove it easily 
in the same way as Theorem S.5.1. 
Recurrence relation for the following distributions may be 
obtained from these results by adjusting a, b and hdyO as given 
in Table 2.5.1. 
TABLE 2.5.T. Examples of C2.5.1> Distribution. 
D i s t r i b u t i o n F u n c t i o n 
1. Power f u n c t i o n 
F^Cx)= \ ~ P x P ; 0 < X < \ 
2 . P a r e t o 
F^Cx5= l-hPx~^ ; \ < X < oo 
3 . B e t a of t h e f i r s t k i n d 
F ^ C x : ) = l - C ^ ^ P ; ft < X < \ 
4. We ibu l l 
F^Cx:>=l-e ^ ^ ; 0 < X < CO 
a 
-1 
c 
b 
1 
\ P 
1 
1 
1 
1 
hCx5 
^n<l-\~V) 
^nx 
p^nx 
xP 
0xP 
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TABLE 2.5.1; Ccontinue:? 
Di s t r i b u t i on Func t i on 
5 . Burr t y p e XII r 
6. R e c t a n g u l a r 
F ^ C X : J - 1 - ^ ; (J < X < X 
7. R a y l e i g h 
F ^ C x ) = l - e ^ ^ ; 0 < X 00 
8. E x p o n e n t i a l 
F^CyO=l~^~^'^ ; 0 < X < 00 
9. Loiriax 
F^<:x^=l-Cl+0x:>~^ ; 0 < X < w 
10 . L o g - l o g i s t i c 
F^Cx:)=l -Cl+6xP)~^ ; 0 < X < 00 
1 1 . C a u c h y 
F ^ C x : > = | + ^ t a n " ^ C ^ ) ; - oo < x < oo 
a 
\ 
1 
-1 
e 
e 
\ 
1 
-1 
b 
1 
1 
1 
1 
1 
1 
1 
1 la[ 
hCxD 1 
^ntl+ex'^^ 
m n^C 1 +0x^) 
-^  
2 
X 
X 
f^vC 1 +©x) 
if\c.x-ye^-y 
l-l^ --^  c )^} 
THEOREM 2.5.3. For t he d i s t r i b u t i o n function FCx:? In Ce.5.3? 
... ce.5.6) 
where U'Cx!) = gCx^h'Cx]) and P^ = 1-P 
2 P-Q' 
PROOF: We have from C2.5.3) 
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fC>0 = a[Pg+(l-FCx))]h'<:x:> 
Now 
= aCj,.^ [pgj ^ U'Cx:>[FCx5]'^"^[l-FCx:>]"~'^dx 
+ f^ U'Cx)p"Cx:)]'^"^[l-FCx5]"~'^"'^ dxl 
i n view of e q u a t i o n C2.S.2:) g i v e s t h e r e q u i r e d theorem. For 
n o n - t r u n c a t i o n , s e t Pg^O t o ge t 
M^'-J] ' "^-^ ^^ '*K"(''--:n-l]} - ^"(''r-l:^}] C2.5.75 
SPECIFIC RESULTS 
The r e c u r r e n c e r e l a t i o n s o b t a i n e d from Theorem 2 . 5 . 3 for t h e 
k- th moment of t h e r - t h o rder s t a t i s t i c s for some s p e c i f i c 
d i s t r i b u t i o n s by p u t t i n g g<iyO=x ; k = l , 2 , . . . . and a d j u s t i n g a, b 
and hCx) a r e a s g iven below: 
! • OENERALIZED LINEAR-EXPONENTIAL DISTRIBUTION: 
F^Cx) = 1 - e"^^^"^^^ ^ ; 0 < X < oo; \ , 6 , p > 0. 
This can be obtained by setting a = 1, b = 1 and hCx5 = \x + 6yP 
in C2.5.3). Now to obtain recurrence relations for moments of 
order statistics for Li near-exponential distribution as given by 
Balakrishnan and MalikC1986> we may put gCx^ - x , 6 = ^ and 
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p = 2. 
Other cases of i n t e r e s t may be Exponential d i s t r i b u t i o n 
C(3 = 0 or \ = 0, p = n , Rayleigh d i s t r i b u t i o n (.K = 0, p = 2) . 
2. PARETO DISTRIBUTION: F^CX:? = 1 - \'^x ^; \ < x < w 
I k Set a = p, b = \*^  and hdyO = ^nx so t h a t UCxI) = j^ x and the 
recurrence r e l a t i o n i s given by 
ck:j _ cn-r-fi:>p r ck:i _ ck? 1 ^ p r ck:> _ ck:> l 
2.6 RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
Suppose the d i s t r i b u t i o n function i s of the following 
general form 
F^CyO = b e ' ^ ^ ^ ^ ; x ^ (a,(3) C2.6.1!) 
where aj<0, b>0 a re cons tan ts and hCx? i s continuous, monotonic 
and d i f f e r e n t i a l function of x in the i n t e rva l [a,/?]. 
Then the t runcated pdf fCx:) i s given by 
fCx> = - p | | e~*^^^^ h'Cx^; X c (Q^,P^) C2.e.2> 
and the corresponding cdf FQx) by 
1-FCx:) = P3 + ^^^rcyj C2.6.3? 
p 
where P^ = ^ZQ i s same as before. 
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The single moments E-{gCX .^^ )^  sa t isfy the following 
recurrence re la t ions for the d is t r ibu t ion FCx) In ce.0.3) . 
THEOREM 2.6.1 For l < r < n, n=l, 2, 
M^r:n]} = ^ ^ ' V ^ ^ (^ -1 = n - l ]} ^ ^ 3 K 4 ^ = n - l j } ^ ? ^ H ^ : n ) ) 
ca.6.4:) 
PROOF: From C 2 . 2 . I : J and C2.6. 3) we have 
[r-l] f ' g'^x:>[Fc:x..]^-'[i-FCx5]--dx = ^3 
I P - l ] f^ WC>0[FC>0]'^ "^[l-FCx:>]'^ '-^fCx)dx 
and hence the result. 
THEOREM 2.6.2 For i < r < n, n=i, 2 
' Cn-^l^aK'^[\;n]} ••• '^-^-^^ 
PROOF; From C2.2.2:) and C2. 6. 3!) we have 
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•3 [.-0 f: 
a [r-lj L 
i r - 1 g'Cx.^ [FCx5]' ^ [1-FCx?]" ' dx 
i r - 1 n-r. wcx5[F<:x)]' ^ [i-FCx:>]" ' fcx:)dx 
and thus the proof. 
Recurrence relations for distributions given In Table 2.0.1 
may be obtained for CS.6.1;) by proper choice of a, b and hCxD. 
TABLE 2.6.1; Examples of C2.6.i:> Distribution 
Dis t r ibu t ion Function 
1. Power function 
F^CyO=\~^yF; 0 < x < \ 
2. Pareto 
F^CyO=l-\~^yP; \ < x < oo 
3 . I n v e r s e - W e i b u l l 
F^Cx:>=e ^ ^ ; 0 < X < 00 
4. Burr t y p e I I I 
F^Cx:)=Cl+ex~P:>"'*'; 0 < X < 00 
a 
{:? 
-1 
6 
-\ 
b 
1 
1 
1 
hCx? 
p^fix 
^fii:i-\Px~P") 
x - P 
^nCl+ex 'P^ 
REMARK: The recurrence relations between the moments, moment 
generating functions, characteristics functions, and distribution 
functions Ctruncated and non-truncated), whenever they exist can 
k tx itx be obtained by setting gCx.'J equal to x , e , e , and I,^ ,CX.") 
L y^A r X J 
respectively. 
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Ctoffl TfeE 
RECURRENCE RELATIONS BETWEEN 
EXPECTATION OF FUNCTION OF TWO 
ORDER STATISTICS FROM GENERAL 
FORM OF DISTRIBUTIONS 
3.1. INTRODUCTION 
Let X., Xg, ...... X denote a random sample from a 
distribution of the continuous type having pdf f.Cx:) and df 
FXx:). Let X, < X^ < < X represent X, , X^ X 
1 l : n 2 ; n n i n * ^ 1 2 n 
when t h e l a t t e r a r e a r r anged i n a scend ing order of magnitude. 
X Cr= l , £, . . . , n3J i s c a l l e d t h e r - t h o rder s t a t i s t i c . 
For g iven Q. and P. , l e t 
^ r.CiO = Q and ^ f.Cx.-) = P C3.1.1> 
-00 "^  - c o 
Then the truncated pdf and df will be 
fCx5 = p ^ f^Cx); X € CQi-Pi) c:3.1.2^  
FCx? = p ^ [F^Cx:>-Q] ; X € (Q^,P^) C3.1.3> 
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The J o i n t pdf of X^,_ and X _ . ^ , l ^ r < s < n , i s g iven by 
P i l l S i n 
^r ,s :n^ '^ '> '^ " C^ g. ^[ FC>0] "^"^ [ FCy:)-FC>0] ^""^"^ 1-FCy5] ^"^fC>OfCy:i; 
Q^  < X < y < Pj C3.1.4> 
where C - " ' 
r , s : n Cr-l!) !Cs- r - i : ) ICn-s3> I 
2 I f g i s a Borel measurable f u n c t i o n from Q? t o \R, then 
K 4 ' r = n ' > ^ s : n j } = S , s . n J J g^x. y ^ FC x> 1'^"^ [ FCy.-FCx5 ] ^ ^ "^ 
Qj<x<y<P^ 
[ 1 - F C y ) ] " " ^ fc:x:>fc:y> dxdy . . . . C3 .1 .5) 
3.2 • RECURRENCE RELATIONS FOR THE FUNCTION OF TWO ORDER 
STATISTICS 
THEOREM 3.2.1. For i < r < s < n, n=i, a 
Qj<x<y<Pj 
[FCx:>]^" '^[FCy)-FCx^]^" ' '~^[ l -FCy)]""^ '^^fCx)dxdy C3.e.i:> 
PROOF: From Ca. l .S : ) , we have 
K 4 ' r : n ' X s : n j } " ^ ^ V : n ' ^ s - l : n ) } 
•^r,-ln:> j j gCx,y>[FC.x)]^ ^ [ FCy>-FCx>] ^ ' ""[ 1-FCy)]'^ 
Q^<x<y<P^ 
[Cn-r:>FCy?-Cn-s+i:)f<:x:)-c:s-r-l)] fCx:>f<:y>dxdY C3.e.2> 
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Let KCx,y) = - [ FCy:>-FCx:)] ^ ^ ^[l-FCy:>] '^ ^^^ C3.2.3:> 
Then t h e RHS becomes 
" c f e i r D " j j gCx ,ynFC>0] ' ^ "^C^Cx ,y>) fCx5dxdy . . . C3 .2 .4 ) 
Q^<x<y<P^ 
and hence the theorem CKhan et al. , 1983a;). 
The usual technique is establishing the recurrence relations 
will be to express [l-FCx:>] or FCxI) as a function of x and fCx:) 
and then obtain the relations for general form of distribution. 
In the following sections first we will develop the 
recurrence relations for a general form of distribution to be 
used for some specific distributions subsequently. 
3.3. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
FjCx) = 1 - [ahCx>+b] ^. 
Let us assume t h a t t h e form of d i s t r i b u t i o n f u n c t i o n F, Cx) 
1 
i s of t h e gene ra l form CKhan and Abu-Sa l ih , 1989) 
F^Cx) = 1 - [ a h C x ) + b ] ^ ; x e Qa.ft^ C3.3.15 
where a s* 0, b, c ?< 0 are finite constants and hCx) is a 
continuous, monotonic and differential function of x in the 
interval [a,/?]. Then 
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1-p 
where Pg = ^^^ 
and 1 = - ^fZ^ig?l |^lMl: '^fCx5 C3.3,35 
Let us define 
mCx,y? = [ahCy?+b] *^.^.^— and ZCx^y? = [ahCy^+b]^ "- h'i:y:> 
THEOREM 3.3.1. For l < r < s < n, n=l, S 
E{9[^ .n ' ^ s ;nJ} - ^ M V ; n ' V l : n j } = " F F i f r K ^ ^ : n-1'«s: n-1 J} 
- K ^ [ \ : n - l ' V l ; n - l j ) ] " O F ^ H ^ f K = n''^s: nj) • • '^•^•'' 
PROOF: From C3.2.i:> and C3.3.2:), we have 
E H ^ ; n ' X s : n j } " K ^ K : n ' V l : n j } = U^^i^ J J 
Q^<x<y<P^ 
^ < : x , y > 
[FCyO]^ ^[FCy)-FCx)]^ ^ 4 l-FCy:>] " ' ^ [-Pg- |^^^^^fCy)]fCx:)dxdy 
and hence the theorem. 
T H E O R E M 3.3.2. For i < r < s < n, n=i, ^ 
EH^:n'^B:n)} - E{^K = n'Vl:nj} = " C 4 T ^ K ^ K : n.l'^ s: n.l]} 
C3. 3.5:> 
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PROOF; From C3.2.1:? and C3.3.3:), we have 
tl-FCyD]"-^l p-£lffil|h<^51b2l:Vy,]fc>0 dx dy 
Cn+Oca ^ \ ^ [ ^ r : n + l ' ^ s : n + l j j 
hence the theorem. 
To obtain r e s u l t s for non- t runcat ion d i s t r i b u t i o n , s e t P = 1 
and Q = 0. 
For proper choice of a, b, c and hCx3, one can get the 
following d i s t r i b u t i o n s : 
TABLE 3.3.1; Examples of C3.3.1? Dis t r ibu t ion 
D i s t r i b u t i o n Func t ion 
1. Power f u n c t i o n 
F^Cx)=\"PxP; 0 < X < \ 
2. P a r e t o 
F^Cx)=l-\P'x~P; \ < X < 00 
3. Beta of t h e f i r s t kind 
F^Cx^=l- ( ^ ) P ; ft < X < \ 
4. Wei b u l l 
F^Cx:)=l-e ^^ ; 0 < X < « 
( { 
( { 
{ 
( { 
a 
- \ - P 
-1 
xP 
\ 
1 
-1 
1 
1 
b 
1 
1 
0 
0 
0 
\ 
0 
0 
c 
1 
1 
1 
P 
P 
P 
1 
e 
hCx) 
xP 
\ -PxP 
x"P 
x-^ 
\ - x 
\-ft 
X 
\-ft 
^-^xP 
e - ' 
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TABLE 3.3.1; Ccontinue:) 
D i s t r i b u t i o n Func t ion a b c hCx) 
5. Burr t y p e XII ^ e i -\ x^ 
F^Cx:>=l- ( l + e x ^ ) " ^ ; 0 < X < <» I 1 0 - \ 1+ex^ 
F,Cx5= |+- tan ^ C ^ ) ; - oo < x < co " ^ ^ 
1 C rf A. 
3.4. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
FjCx) = [ahCx)+b]^. 
Let us assume t h a t t h e d i s t r i b u t i o n f u n c t i o n F.Cx.") i s of t h e 
genera l form 
c 
F^Cx) = [ahCx:>+b] ; x e Q a . ^ ) C3.4.1:) 
where a ^ 0 , b , c ?* 0 a r e f i n i t e c o n s t a n t s and hdx) i s 
d i f f e r e n t i a b l e f u n c t i o n of x i n t h e i n t e r v a l [a.,(3] , 
Then t h e t r u n c a t e d df FCx2> i s g iven by 
POO = - pS_ . L » h C ^ ^ ^ x e C C ^ . P p 
and 
p 
where P^ = 3 P-Q 
^r.A i - CP-^CahOO+b]^""^^ .^ . r-, A ^^ 
THEOREM 3.4.1. For i < r < s < n, n - i , s 
PROOF: From C3.2.1:) and C3. 4.2:>, we get 
[FCx.->]'^~^[FCy5-FC>0]^~'^"hl-FCy?]''"^[p3- f^^]"^ fCy>]fCx^dxdy 
and hence the theorem. 
THEOREM 3.4-.2. For l < r < s < n, n=l , 2 
K^[^.n'^s:nj} = EH^:n'^s-l:n)} ' r T ^ T ^ ^ I ^ ^ ; nH ' ^ s: ntl ]} 
C3. 4.5:) 
PROOF: This Theorem can be proved on the lines of Theorem 3.3.2. 
Examples of some specific distributions contained in C3.4.1) 
are given in Table 2.4.1. 
3.5. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
r ^ C x ) = l - b e . 
Suppose the distribution function FX'>0 is of the general 
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form 
F^CX:J = 1-be ^^^^; X ^  ia,(J) C3.5.n 
where a ?* 0, b ?* 0 are constants and hCx!) is continuous, 
monotonlc and differential function of x in the Interval [a,/?]. 
Then we have 
1-FCx^ = - Pg -. ^pi,^ fC>0 C3.5.e5 
1 -p 
where Pg » r^z^ as d e f i n e d e a r l i e r 
"^^ •^  ^ abh 'OO ^ ^'^'^ C3.5.3? 
Let us d e f i n e 
h'Cy:> """• * - - ' / - - - h'Cy.^ Wtx.y^ = ^^.(^y^ and TCx,y:> = e ' hTc 
THEOREM 3.5.1. For i < r < s < n, n=i, a 
K^[^=n'^ :n)} - 4K:n'^-l:nj} = " i ^ H ^ ^ : n-1'^ s: n-1 j} 
- K^K:n-l'Vl:n-l))] ' CTFiW^K^ n'«s.-n]) . C 3 . 5 . 4 ) 
PROOF: The r e s u l t i s s t r a i g h t f o r w a r d i n view of C 3 . a . l ) and 
C3.5.2:) . 
THEOREM 3.5.2. For i < r < s < n, n=i, a 
EH^;n'^s=n)} = K^K:n'Vl:nj) ^ fT^ TTrlb^ lTK ; n.l'^= n.l)} 
C3, 5. 5.^  
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PROOF; Th© result Is obvious. 
Some well-known specific distributions contained in C3.5.1:) 
are given in Table £.5.1. 
THEOREM 3.5.3 For the distribution function FCyJ in C3.5.2) 
K < ^ = n ' ^ s : n ] } = " ^ p £ K ^ K : n - l ' ^ s : n - l ] H ^ K : n - l ' V l : n - l ] } ] 
C " - ^ ^ ^ > - K " K : n ' ^ s : n j M ^ K ; n ' ^ s - l = n]}] <:3 .5 .6) 
where U'Cx,y:) = ^ C x , y > = gCx,y)h'Cy). 
PROOF: We have from C3.5.e) 
fCy? = a [Pg + (l-FCy:>)]h'Cy:) 
Therefore, 
K ^ K : n ' ^ s : n ] ) = ^ ^r ,s=n[Pa J J U'Cx, y ^ FCx..] ^"^ 
Q^<x<y<P^ 
[ F C y ) - F C x 5 ] ^ ^ ^ [ 1 - F C y ) ] " ^fCx^dxdy 
^ J f U'Cx,y:>[FCx:)]^ ^[FCy?-FCx)] ^ ^ ^[l-FCy?]"^ ^^^fCx:>dxdy 1 
<^<x<y<P^ 
Hence the theorem. 
For non-truncation of the distribution set P^ = 0. 
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SrFciFic ftr.ftifi.Tft 
Now, we use this theorem to obtain the recurrence relations 
for the product moments of the generalized linear exponential 
distribution 
r.CxJ=l-e ; X, \ , e, p > 0 
by setting a = 1, b = 1, hCx) = \x + Bx^; gCx,y) ° x-^ y so that 
UCx,y5 = irx^y + . P_. x^y ^ and the recurrence relation for 
the product moment is given by 
^r,s:n "'^ S [k\^r ,s: n-1 ^r ,s - l :n- l j k+p-l\^V ,s: n-1 ^V,s-l:n-ljJ 
Important deductions are: 
di') At e = 0, i t reduces to the Exponential distribution CKhan et 
al. , 19e3a:>. 
Cii3) At \ = 0, i t reduces to the Weibull distribution and also to 
Exponential and Rayleigh distributions CKhan et a l . , 19S3b5. 
Clii5 At 6 - ^, p = 2, i t gives the relations for Li near-
Exponential CBalakrlshnan and Malik, 1980:). 
The theorem may also be used for finding the recurrence 
relations for Pareto distribution 
4f i 
F^Cx5 = 1 - X^x ^^ \ < X < 00, \ > 0 
by s e t t i n g a = p, b = \'^, hCx) = •fnx. 
3.6. RECURRENCE RELATIONS FOR GENERAL FORM OF DISTRIBUTION 
FXx) = b e • 
Suppose the distribution function F.Cx:) is of the general 
form 
F^ Cx:> = be~*^*^^; X € Ca,^) C3.6.n 
where a ^ 0, b ?* 0 are cons tan ts and hCx) i s continuous, 
monotonic and d i f f e r e n t l a b l e function of x in the i n t e rva l [a,ft] . 
Then 
1-FCx^ = P3 + ^^pl^3^ fCx^ C3.6.25 
-<* ' = - ^ I K ^ - ' ' ' " ' f^ -^  ^3 .a .3 . 
p 
where P^ = 5 ^ is as defined earlier. 
THEOREM 3.6.1. For 1 < r < s < n, n=i, e 
K^K=n '^s :n )} " K ^ ( \ : n ' V l : n)} = ? F ^ H ^ ( \ : n-1'^s: n-l]} 
PROOF: "I^ "^  proof can be given on the lines of Theorem 3.4.1 
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THEOREM 3.6.2 For i < r < s < n, n=i, a, 
I I I I ( C3. fi. 5> 
PROOF: Th^ proof i s obvious. 
Some well-known d i s t r i b u t i o n s of the general form C3.6.1:) 
a re given in Table 2 . 6 . 1 . 
3.7. REMARKS 
REMARK 3.7.1. The recurrence relations between the product 
moments, moments of ratio of two order statistics, quasi-ranges, 
Joint moment generating functions and Joint characteristic 
functions, whenever they exist can be obtained by setting 
Ik 1 -k ^l^^^a^ 
respectively gCx,y:> equal to x^y , x^y , y-x, e and 
itjX+it^y 
© " . 
REMARK 3 .7 .2 . A l i s t of d i s t r i b u t i o n s a re given in d i f fe ren t 
t a b l e s . Fur ther , we can get Rectangular d i s t r i b u t i o n by put t ing 
p = 1 in Beta of t he f i r s t kind d i s t r i b u t i o n . S imi lar ly for 
Rayleigh and Exponential put r e spec t ive ly p = 2 and p = 1 in 
Wei bull and for Lomax and Log- log i s t i c put r e spec t i ve ly p = 1 and 
\ = 1 in Burr type XII d i s t r i b u t i o n . 
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REMARK 3 . 7 . 3 . Some recurrence r e l a t i o n s on moments of order 
s t a t i s t i c a v a i l a b l e in Khan et a l . C1983a,b:), Balakrishnan et 
al.C1986?, Khan and KhanC1987:>, Balakrishnan and JoshiC198i:) and 
Balakrishnan and MaiikC1980 can be obtained from our general 
i k 
r e s u l t s by pu t t ing gCx,y5 = x^'y . 
REMARK 3 .7 .4 . At r=0, the Theorems 3 .3 .1 t o 3 .6 .2 reduce t o the 
general recurrence r e l a t i o n s for the expecta t ion of function of 
s i ng l e order s t a t i s t i c which on using 
(n- r )E{g(x^,„) ) . r E ( g ( x ^ , j ^ J ) = r,E(g (x^ ^ „_ j ]} 
reduces to the relations available in CAli and Khan, 1994a). 
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ctora mu 
RATIO AND INVERSE MOMENTS OF 
ORDER STATISTICS 
4.1. RATIO AND INVERSE MOMENTS OF ORDER STATISTICS FROM WEIBULL 
AND EXPONENTIAL DISTRIBUTION 
4-.1.1. INTRODUCTION 
Let X. , Xp, X be a random sampleof size n from a 
Wei bull distribution having probabilitydensityfunctin Cpdf:?. 
tC.yO = I x""~-^  e ^ ; X > 0; m,f9 > 0 C4.1.1.i:> 
and d i s t r i b u t i o n f u n c t i o n Cdf!) 
m 
X 
— z 
FCx)=l - e ; X > 0 ; m, ^ > 0 C4. 1, l.a:> 
It may be noted that m is a shape parametp-r, Ai m = 1. it 
reduces to the Exponential distribution, v/hereas at m = £, i t is 
Rayleigh distribution, 
order s ta t is t ics , then the pdf of X (. 1 < r ^ lO is g iven 
r : n 
P30 
by 
fj^.j^Cx.^ = C^.j^ [FCx53'^~^Cl-FC>0]""'^fCx.-); x > 0 C4.1.1,3> 
and t h e J o i n t pdf of X^.^ and X „ . ^ , l < r < s < n , i s given by 
^r «.r.'^>«'y^ = ^r^ „. ^ [ FC x) ]'^ "^ [ FC y) "FC x5 ] ^ ""^  "^ [ 1 "FC x> ] ""^f C x^ fCy:) 
; 0 < X < y < 00 (i^. 1,1.4) 
where 
C_ ^ = ,_ , " and - - " ' 
>:n Cr-i:>Kn-r)! " " " > , s : n Cr-l? Ks-r-15 Kn-s51 
Let us denote 
Khan et aLC1983b) have obtained recurrence relations for 
product moments of order s ta t i s t i cs drawn from Wei bull 
distribution as 
'^r,s:n ^r ,s- l :n m Cn-s+i:> ^r ,s: n ^^.i.i.-^J 
I t may be noted that for k < m, Mp 4-r ^iH give moments 
of ratio of two order s ta t i s t ics of different order. Khan et 
al.C19e3b) could not obtain an explicit expression for l-C '. ^ 
I y ^ * 1 1 
Here we have obtained a simple relation for it L ^ ' which can 
r f s ; n 
be used for k < m as well as k > m. Also, at J = 0 , it has been 
shown that it reduces to the result given by Khan et at.C1984.'). 
51 
4.1.2. PRODUCT MOMENTS 
B e f o r e we s t a r t t h e main rorswl t , , w*> pr r-iv»^ fwri Irrmmnr:, 
LEMMA 4.1.2.1; For any n o n - n e g a t i v e f i n i t e i n t e g e r s a , b , c 
b 
J , ^Cft'^.c) = J C-l>^ [ M J . j^Ca+b-t .O.c+f; C4.1.2.1:) 
t=0 
where 
J^ ^Ca,b,c:) = r r^ x J ^ ' ^ - V ' ' ^ ' " ' ^ [1-FCx.- ) ]^ [ F r y . ^ - F C y J ] ^ 
[l-FCy^]*^ dxdy . . . . . . c:4.1.2.2? 
PROOF; From C4 .1 . £. 2. ) , we have 
J . j^Ca,b,c:) = J . j^Ca+l ,b- l ,c : ) - J . ^Ca,b-1 ,c+i:> C4.1.2.3:) 
which i s o b t a i n e d by e x p r e s s i n g [FCy:>-FCx5] as 
[FCy:)-FCx:)] *^~-^[Cl-FCx:)5-Cl-Fc:y:):)] and s p l i t t i n g t h e double 
i n t e g r a l i n t o two. Use t h e r e l a t i o n <:4.1.2, 3!) r e c u r s i v e l y t o ge t 
t h e r e q u i r e d r e s u l t CAli and Khan, 1994d:). 
LEMMA 4.1.2.2. For t h e Weibull d i s t r i b u t i o n C4.1.1.1.") 
J'^i'^^k rct.:> ret.:) 
j j ^ ^ C a , 0 , c > = - g 1 t / 'p'-^yV C4.1 .2 ,4 .? 
a ^ c 
where t^ = 1 + i;, p = - J - and I^Ca.b? = sT^TbrJ ^^ ^«^l-x>^ ^dx 
'i - -^  " m' ^ - -^^ ""'" XpV.«,u.. - g^ 
is incomplete beta function. 
PROOF; From C4. 1.1. 2;) and C4,1.2.2>, we have 
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y'" . - . x ^ 
J j , r a , 0 , c ^ = f yX^'"-! i""^ [ J^'xJ^'^-l e"^^ dx]dy C4. 1.2.5:) 
ax'" Now, put w = - ^ i n C4.1.2.5:) and change t h e order of i n t e g r a t i o n 
t o ge t RHS 
^ r C 2 + ^ ) w "* Cc+w) "" dw C 4 . 1 . 2 . 6 ) 
»2 ^^ ^ m m a 
Again, put z = - ^ i n C 4 . 1 . 2 . e 5 t o g e t 
e na . i^i z'"" ci-z) "• dz 
ma c 
= I t , t , ^^\P ^^H^ IpC J^ 'H> C4.1.2.7-.) 
m"^  a J c "^  
one may refer PearsonC19555 for the values of !(.,.). This 
P 
complets t h e proof of lemma. 
THEOREM 4-.1.2.1. For Weibull d i s t r i b u t i o n C4.1.1.1:) 
i= l 
; 1 < r < s < n . . . . C4. 1 .2 .8) 
PROOF: For Welbull distribution, we have from C4.1.1.1:) and 
C4.1.1.2) 
p;r^ 
fC>0 = g x"" ^ ^1 - FC>0^ C4. 1. a. 9) 
Now we have 
^r , s; n r , 8 : n J J ""^y" "* [FC>0]^ ^ [FCy^-FCx:)] 
[1 -FCy: ) ] " ^fCx:>fCy^dxdy 
= S , s , r . 2 c - ^ > ^ {':'] f j y ^ " " i^-'<x'^' 
i=0 
[FCy:)-F<:x:>]^~'^"^ [l-FCy:)] "^'^ fCx.-)fCy:)dxdy C4.1.6.10:> 
Thus t h e theorem i s proved i n view of C4.1.2.9:) and C 4 . 1 , e . 2 ) . 
Now C 4 . 1 . S . 8 ) a long wi th C4 .1 .2 .35 and C 4 . 1 . a . 4 5 can be used t o 
o b t a i n t h e moments of r a t i o Cwhen k<TiO of two order s t a t i s t i c s as 
well a s p roduc t moments Ck > m:> for a l l l < r < s < n . For t h e 
r a t i o , l e t k-m=-1 t hen f.i^-^''^^ = EC X /X 5^ V 1. For f i n d i n g 
r , s : n r : n s : n - ^ 
'^r^s'^n ^P^*"^® k-m by k i n C 4 . 1 . 2 . 8 5 . For j = V = 1, t h e product 
moments m a t r i x i s n o t h i n g but of v a r i a n c e c o v a r i a n c e ma t r ix . For 
J = 1 = k-m, a s i m i l a r r e s u l t was o b t a i n e d by L ieb le inC1955) . 
Vfe have computed t h e produc t moments ft^ s n ' ^ ^ ^ ^ r n ^ s n ^ ^"^^ 
r a t i o moments u*^^' ~-^ =^ECX / X^ ^) on ALPHA-3000/400 Computer 
' ^ r , s ; n ^ r : n s;n'^ 
i n doub le p r e c i s i o n for m=0. SCO. 5 5 5 . 0 , e?=l. 0, n=lC15io and a r e 
given i n t a b u l a r form. For d e t a i l about t h e Programme i n F o r t r a n 
Language, p l e a s e s e e t h e Appendix. 'Rie accuracy of t h e 
c a l c u l a t i o n i s checked by t h e r e l a t i o n COfllvid, 1981, pp.485. 
^ ' ^ - ^ ^ ^ , s ; n ^ ^ ^ - ^ ^ ^ r - l , s : n ^ ^'^"^^^^'"V-l , s - l : n = " ^ - l , s - l : n - l 
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T a h l p 4 . 1 1: P r o i l i K t Momont,', oC Or dor ' ; t . > t i ' , t 
m=0.5 0=1.0 
— 
n 
1 
2 
3 
4 
5 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
r 1 
24.0000 
1.5000 
4.0000 
0.2963 
0.6296 
1.7407 
0.0938 
0.1840 
0.3819 
1.0278 
0.0384 
0.0724 
0.1355 
0.2702 
0.6995 
2 
46.5000 
3.9074 
9.6296 
0.9039 
1.7685 
4.5255 
0.3152 
0.5674 
1.0983 
2.7702 
3 4 5 
67.7963 
6.9109 
16.1123 88.0914 
1.7871 
3.3047 10.3267 
7.9943 23.0874 107.5326 
6 1 8 9 10 
10 
6 1 
2 
3 
4 
5 
6 
7 1 
2 
3 
4 
5 
6 
7 
8 1 
2 
3 
4 
5 
6 
7 
8 
9 1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
0. 
0. 
0. 
0. 
0. 
0, 
0185 
0341 
0605 
1080 
2071 
5163 
0, 
0. 
0, 
0. 
1378 
2376 
4157 
7839 
1.9247 
0.0100 
0.0181 
0.0311 
0.0524 
0.0899 
0.1666 
0.4016 
0697 
1170 
1941 
3290 
6032 
1.4398 
,0059 
.0105 
,0176 
0287 
.0464 
.0770 
1385 
0390 
0642 
1032 
1654 
2723 
4865 
0.3240 1.1304 
0, 
0. 
0, 
0. 
0, 
0, 
0. 
0, 
0037 
0065 
0107 
0170 
0266 
0416 
0672 
1178 
0.2685 
0.0024 
0.0042 
0.0069 
0.0108 
0.0164 
0.0248 
0.0377 
0.0595 
0.1020 
0.2272 
0.0235 
0.0382 
0.0601 
0.0930 
0.1446 
0.2320 
0.4050 
0.9184 
0.0150 
0.0241 
0.0374 
0.0565 
0.0848 
0.1285 
0.2017 
0.3450 
0.7653 
0.6698 
1.1380 2.9044 
2.0955 5.1523 14.0379 
5.0316 11.9358 30,3592 126.2316 
0.3082 
0.5007 
0.8348 
1.5097 
3.5552 
1.1520 
1.8763 4.2187 
3.3264 7.2467 17.9656 
7.6818 16.2151 37.8105 144.2759 
0.1618 
0.2557 
0.4046 
0.6594 
1.1678 
2.6899 
0.5522 
0.8596 
1.3819 
2.4186 
1.7518 
2.7624 
4.7526 
5.6988 
9.5393 22.0545 
5.5049 10.6303 20.7414 45.3672 161.7361 
0. 
0. 
0. 
0. 
0. 
0, 
2. 
0931 
1444 
2214 
3415 
5444 
9447 
1293 
0, 
0. 
0, 
2990 
4525 
6910 
1.0922 
.8808 
2059 
0.8687 
1.3088 
2.0449 
3.4852 
4583 
7780 7.3190 
3426 11.9925 26.2647 
7.7100 13.8115 25.4512 52.9802 178.6700 
0574 
0879 
1317 
1965 
2962 
0.4628 
0.7881 
1.7407 
1764 
2618 
3873 
5802 
9013 
1.5268 
3.3535 
0.4829 
0.7071 
1.0501 
1.6193 
2.7246 
1.2545 
8419 
8121 
6879 
3.2608 
4.9071 9.0582 
8.0709 14.5771 30.5663 
5.9411 10.1222 17.1768 30.2983 60.6158 195.1260 
7 
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T a h l p 4 . 1 . 2 . ? : P r o d u c t Mnrnpnt,^ , nf Hrdrr Hln l i c; t i c <; 
! n 
1 
! 1 
1 
i 2 
1 
1 
1 
3 
4 
5 
6 
7 
8 
9 
10 
5 
1 
1 
2 
H 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
2.0000 
0.5000 
1.0000 
0.Z22Z 
0.3889 
0.7222 
0.1250 
0.2063 
0.3333 
0.5833 
0.0800 
0.1300 
0.1967 
0.2967 
0.4967 
0.0556 
0.0889 
0.1306 
0.1861 
0.2694 
0.4361 
0.0408 
0.0646 
0.0932 
0.1289 
0.1765 
0.2480 
0.3908 
0.0313 
0.0491 
0.0699 
0.0949 
0.1262 
0.1679 
0.2304 
0.3554 
0.0247 
0.0386 
0.0545 
0.0730 
0.0952 
0.1230 
0.1600 
0.2156 
0.3267 
0.0200 
0.0311 
0.0436 
0.0579 
0.0746 
0.0946 
0.1196 
0.1529 
0.2029 
0.3029 
2 
3.5000 
1.0556 
1.8889 
0.5139 
0.8056 
1.3889 
0.3050 
0.4550 
0.6800 
1.1300 
0.2022 
0.2939 
0.4161 
0.5994 
0.9661 
0.1440 
0.2059 
0.2833 
0.3865 
0.5412 
0.8507 
0.1078 
0.1524 
0.2060 
0.2730 
0.3622 
0.4962 
0.7640 
0.0837 
0.1174 
0.1568 
0.2040 
0.2631 
0.3418 
0.4598 
0.6959 
0.0669 
0.0933 
0.1235 
0.1586 
0.2009 
0.2536 
0.3240 
0.4296 
0.6407 
3 
4.7222 
1.5972 
2.6606 
0.6272 
1.2169 
2.0022 
0.5106 
0.7161 
1.0244 
1.6411 
0.3478 
0.4762 
0.6450 
0.8998 
1.4093 
0.2526 
0.3395 
0.4482 
0.5930 
0.6103 
1.2446 
0.1920 
0.2552 
0.3310 
0.4257 
0.5520 
0.7415 
1.1205 
0.1509 
0.1990 
0.2550 
0.3222 
0.4062 
0.5183 
0.6863 
1.0224 
m" 
4 
5.7639 
2.1106 
3.3939 
1.1439 
1.6189 
2.5689 
0.7276 
0.9807 
1.3605 
2.1200 
0.5064 
0.6651 
0.8766 
1.1938 
1.8284 
0.3739 
0.4830 
0.6194 
0.8013 
1.0741 
1.6197 
0.2878 
0.3676 
0.4634 
0.5832 
0.7428 
0.9823 
1.4613 
M. O , 
5 
6.6772 
2.5939 
4.0439 
1.4561 
2.0026 
3.0954 
0.9487 
1.2435 
1.6656 
2.5703 
0.6721 
0.6585 
1.1071 
1.4799 
2.2255 
0.5030 
0.6321 
0.7935 
1.0087 
1.3316 
1.9772 
B-1.0 
6 
7.4939 
3.0490 
4.6418 
1.7606 
2.3695 
3.5874 
1.1699 
1.5018 
1.9996 
2.9953 
0.8413 
1.0527 
1.3345 
1.7574 
2.6030 
8. 
3. 
5. 
2 
2 
4 
1 
1 
2 
3 
7 
2347 
4785 
1963 
0559 
7204 
0494 
.3891 
.7543 
.3021 
.3977 
8 
8.9142 
3.8849 
5.7139 
2.3417 
3.0562 
4.4852 
10 
9.5428 
4.2707 
6.1997 10.1286 
• / 
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Table 4.1.2.3: Product Moments of Order Statistics 
m-1 . ^ i , 0-1.0 / ^ 
n « r 1 2 3 4 5 6 7 8 9 10 
1 1 1.190« 
2 1 0.4725 
2 0.8150 1.9088 
10 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
0.2752 
0.4315 
0.6772 
0.1875 
0.2838 
0.4027 
0.5969 
0.1393 
0.2069 
0.2825 
0.3794 
0.5415 
0.1092 
0.1604 
0.2146 
0.2774 
0.3598 
0.4997 
0.0889 
0.1296 
0.1712 
0.2168 
0.2710 
0.3429 
0.4666 
0.0744 
0.1079 
0.1412 
0.1766 
0.2163 
0.2641 
0.3282 
0.4395 
0.0636 
0.0918 
0.1194 
0.1481 
0.1791 
0.2144 
0.2572 
0.3153 
0.4166 
0.0553 
0.0795 
0.1029 
0.1268 
0.1521 
0.1798 
0.2116 
0.2506 
0.8672 
1.3362 
0.5382 
0.7557 
1.1123 
0.3805 
0.5158 
0.6896 
0.9808 
0.2895 
0.3852 
0.4963 
0.6421 
0.8901 
0.2309 
0.3037 
0.3837 
0.4785 
0.6048 
0.8220 
0.1904 
0.2484 
0.3100 
0.3791 
0.4623 
0.5741 
0.7680 
0.1609 
0.2087 
0.2583 
0.3120 
0.3731 
0.4474 
0.5480 
0.7237 
0.1386 
0.1790 
0.2201 
0.2637 
0.3115 
0.3665 
0.4337 
2.4296 
1.1961 
1.7384 
0.7747 
1.0286 
1.4551 
0.5626 
0.7216 
0.9305 
1.2863 
0.4360 
0.5489 
0.6830 
0.8617 
1.1691 
0.3525 
0.4386 
0.5355 
0.6520 
0.8088 
1.0808 
0.2937 
0.3625 
0.4373 
0.5224 
0.6258 
0.7659 
1.0108 
0.2502 
0.3071 
0.3674 
0.4336 
0.5098 
0.6030 
2.8407 
1.4771 
2.0694 
0.9867 
1.2660 
1.7426 
0.7314 
0.9071 
1.1414 
1.5450 
0.5751 
0.7004 
0.8512 
1.0543 
1.4069 
0.4701 
0.5660 
0.6752 
0.8079 
0,9879 
1.3025 
0.3950 
0.4718 
0.5563 
0.6534 
0.7723 
3.1816 
1.7223 
2.3519 
1.1782 
1.4766 
1.9917 
0.8876 
1.0761 
1.3299 
1.7713 
0.7064 
0.8411 
1.0050 
1.2273 
1.6162 
0.5827 
0.6860 
0.8049 
0.9505 
3.4735 
1.9399 
2.5990 
1.3526 
1.6662 
2.2122 
1.0326 
1.2313 
1.5010 
1.9731 
0.8300 
0.9724 
1.1468 
3. 
2 
2. 
1 
1 
2 
1 
1 
7291 
1357 
8190 
5126 
.8387 
.4104 
.1677 
.3749 
3.9567 
2.3138 
3.0174 4 
1.6604 
1621 
9 0.3037 0.5254 0.7300 0.9344 1.1491 1.3849 1.6577 1.9971 2.4771 
10 0.3970 0.6865 0.9533 1.2194 1.4983 1.8039 2.1558 2.5906 3.1983 4.3493 / 
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Table 4.1.2.4: Product Momenta of Order Statistics 
in=2. 0, 9=1 .0 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
B 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
0.5000 
0.7854 
0.3333 
0.4862 
0.6938 
0.2500 
0.3546 
0.4689 
0.6357 
0.2000 
0.2796 
0.3590 
0.4520 
0.5934 
0.1667 
0.2309 
0.2919 
0.3571 
0.4365 
0.5603 
0.1429 
0.1967 
0.2463 
0.2967 
0.3527 
0.4224 
0.5332 
0.1250 
0.1713 
0.2131 
0.2543 
0,2977 
0.3471 
0.4096 
0.5105 
0.1111 
0.1518 
0.1879 
0.2227 
0.2583 
0.2967 
0.3411 
0.3981 
0.4910 
0.1000 
0.1363 
0.1680 
0.1982 
0.2284 
0.2599 
0.2946 
0.3351 
0.3876 
0.4739 
2 
1.5000 
0.8333 
1.1763 
0.5833 
0.7665 
1.0349 
0.4500 
0.5753 
0.7225 
0.9465 
0.3667 
0.4620 
0.5641 
0.6885 
0.8828 
0.3095 
0.3865 
0.4649 
0.5520 
0.6606 
0.8334 
0.2679 
0.3324 
0.3960 
0.4633 
0.5398 
0.6368 
0.7932 
0.2361 
0.2917 
0.3453 
0.4002 
0.4595 
0.5280 
0.6160 
0.7595 
0.2111 
0.2599 
0.3062 
0.3526 
0.4012 
0.4545 
0.5168 
0.5977 
0.7307 
3 
1.8333 
1.0833 
1.4519 
0.7833 
0.9797 
1.2795 
0.6167 
0.7510 
0.9148 
1.1710 
0.5095 
0.6116 
0.7252 
0.8670 
1.0927 
0.4345 
0.5169 
0.6041 
0.7032 
0.8290 
1.0320 
0.3790 
0.4481 
0.5188 
0.5953 
0.6838 
0,7974 
0.9827 
0.3361 
0.3956 
0.4552 
0.5176 
0.5861 
0.6663 
0.7703 
0.9414 
4 
2.0833 
1.2833 
1.6668 
0.9500 
1.1539 
1.4735 
0.7595 
0.8988 
1.0730 
1.3506 
0.6345 
0.7404 
0.8610 
1.0142 
1.2616 
0.5456 
0.6311 
0.7236 
0.8305 
0.9680 
1.1924 
0.4790 
0.5506 
0.6257 
0.7082 
0.8047 
0.9299 
1.1362 
5 
2.2833 
1.4500 
1.8433 
1.0929 
1.3016 
1.6350 
0.8845 
1.0271 
1.2084 
1.5014 
0.7456 
0.8540 
0.9794 
1.1407 
1.4041 
0.6456 
0.7331 
0.8292 
0.9417 
1.0877 
1.3283 
6 
2.4500 
1.5929 
1.9933 
1.2179 
1.4301 
1.7738 
0.9956 
1.1405 
1.3270 
1.6318 
0.8456 
0.9557 
1.0846 
1.2521 
1.5281 
7 
2.5929 
1.7179 
2.1238 
1.3290 
1.5439 
1.8956 
1.0956 
1.2422 
1.4327 
1.7470 
8 
2.7179 
1.8290 
2.2392 
1.4290 
1.6459 
2.0042 
9 10 
2.8290 
1.9290 
2.3428 2.9290 
58 
Table 4,1.2.5: Product Moments of Order Statietice 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
s 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
0.9314 
0.5349 
0.7873 
0.3868 
0.5356 
0.7188 
0.3072 
0.4158 
0.5249 
0.6728 
0.2570 
0.3437 
0.4236 
0.5119 
0.6381 
0.2221 
0.2948 
0.3588 
0.4237 
0.4990 
0.6103 
0.1964 
0.2593 
0.3131 
0.3652 
0.4206 
0.4868 
0.5872 
0.1765 
0.2322 
0.2789 
0.3227 
0.3672 
0.4159 
0.4755 
0.5675 
0.1606 
0.2107 
0.2521 
0.2901 
0.3276 
0.3668 
0.4107 
0.4652 
0.5504 
0.1476 
0.1933 
0.2305 
0.2643 
0.2969 
0.3299 
0.3652 
0.4052 
0.4556 
0.5353 
2 
1.3278 
0.8313 
1.1075 
0.6253 
0.7859 
1.0046 
0.5082 
0.6246 
0.7533 
0.9378 
0.4314 
0.5239 
0.6178 
0.7269 
0.8884 
0.3768 
0.4541 
0.5291 
0.6089 
0.7044 
0.8493 
0.3356 
0.4025 
0.4654 
0.5292 
0.5992 
0.6849 
0.8170 
0.3034 
0.3625 
0.4169 
0.4706 
0.5267 
0.5895 
0.6675 
0.7896 
0.2774 
0.3305 
0.3787 
0.4252 
0.4724 
0.5228 
0.5800 
0.6520 
0.7659 
3 
1.5761 
1.0374 
1.3198 
0.8009 
0.9635 
1.1971 
0.6617 
0.7789 
0.9152 
1.1174 
0.5681 
0.6609 
0.7599 
0.8786 
1.0586 
0.5002 
0.5777 
0.6564 
0.7429 
0.8488 
1.0122 
0.4484 
0.5152 
0.5812 
0.6502 
0.7275 
0.8236 
0.9739 
0.4073 
0.4663 
0.5234 
0.5812 
0.6430 
0.7133 
0.8017 
0.9415 
in=2 . ! 
4 
1.7557 
1.1950 
1.4794 
0.9402 
1.1028 
1.3443 
0.7864 
0.9031 
1.0431 
1.2558 
0.6812 
0.7734 
0.8747 
0.9988 
1.1904 
0.6038 
0.6806 
0.7610 
0.8512 
0.9632 
1.1387 
0.5441 
0.6102 
0.6774 
0.7492 
0.8308 
0.9336 
1.0962 
3, 
5 
1.8958 
1.3223 
1.6074 
1.0556 
1.2175 
1.4638 
0.8917 
1.0075 
1.1495 
1.3691 
0.7780 
0.8693 
0.9717 
1.0992 
1.2989 
0.6934 
0.7694 
0.8505 
0.9429 
1.0591 
1.2432 
e = i.o 
6 
2.0105 
1.4290 
1.7141 
1.1540 
1.3151 
1.5645 
0.9826 
1.0976 
1.2408 
1.4652 
0.8625 
0.9530 
1.0560 
1.1857 
1.3913 
7 
2.1075 
1.5207 
1.8055 
1.2396 
1.3999 
1.6516 
1.0627 
1.1769 
1.3207 
1.5488 
8 
2.1913 
1.6010 
1.8854 
1.3154 
1.4750 
1.7282 
9 10 
2.2651 
1.6724 
1.9563 2.3309 
59 
Table 4.1.2.6: Product Moments of Order Statistics 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
s 
1 
1 
E 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
I 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
6 
9 
10 
r 1 
0.90H7 
0.5687 
0.7975 
0.4340 
0.5780 
0.7429 
0.3583 
0.4679 
0.5713 
0.7047 
0.3087 
0.3991 
0.4777 
0.5609 
0.6751 
0.2734 
0.3512 
0.4159 
0.4791 
0.5499 
0.6510 
0.2467 
0.3155 
0.3712 
0.4232 
0.4768 
0.5392 
0.6308 
0.2257 
0.2877 
0.3370 
0.3817 
0.4257 
0.4729 
0.5291 
0.6133 
0.2086 
0.2654 
0.3098 
0.3493 
0.3871 
0.4258 
0.4682 
0.5197 
0.5981 
0.1945 
0.2469 
0.2875 
0.3231 
0.3565 
0.3898 
0.4245 
0.4633 
0.5110 
0.5845 
2 
1.2368 
0.8381 
1.0716 
0.6612 
0.8049 
0.9909 
0.5563 
0.6646 
0.7793 
0.9370 
0.4854 
0.5740 
0.6605 
0.7577 
0.8966 
0.4336 
0.5095 
0.5804 
0.6536 
0.7389 
0.8641 
0.3938 
0.4607 
0.5214 
0.5814 
0.6456 
0.7223 
0.8370 
0.3620 
0.4222 
0.4758 
0.5272 
0.5798 
0.6374 
0.7074 
0.8138 
0.3360 
0.3909 
0.4391 
0.4845 
0.5295 
0.5766 
0.6291 
0.6939 
0.7936 
m=3.0. 
3 
1.4362 
1.0150 
1.2453 
0.8185 
0.9581 
1.1505 
0.6982 
0.8024 
0.9197 
1.0675 
0.6149 
0.6998 
0.7876 
0.8900 
1.0403 
0.5531 
0.6255 
0.6971 
0.7738 
0.8654 
1.0027 
0.5049 
0.5686 
0.6298 
0.6924 
0.7610 
0.8444 
0.9714 
0.4661 
0.5233 
0.5771 
0.6306 
0.6866 
0.7490 
0.8260 
0.9446 
4 
1.5765 
1.1459 
1.3726 
0.9389 
1.0747 
1.2694 
0.8092 
0.9100 
1.0276 
1.2005 
0.7180 
0.7997 
0.8873 
0.9919 
1.1488 
0.6494 
0.7189 
0.7901 
0.8681 
0.9631 
1.1076 
0.5954 
0.6564 
0.7170 
0.7805 
0.8514 
0.9387 
1.0733 
B 
5 
1.6842 
1.2495 
1.4729 
1.0361 
1.1689 
1.3643 
0.9004 
0.9984 
1.1155 
1.2913 
0.8038 
0.8829 
0.9698 
1.0755 
1.2365 
0.7303 
0.7975 
0.8679 
0.9464 
1.0433 
1.1926 
= 1.0 
6 
1.7711 
1.3348 
1.5554 
1.1176 
1.2477 
1.4432 
0.9777 
1.0734 
1.1899 
1.3674 
0.8772 
0.9543 
1.0403 
1.1464 
1.3102 
7 
1.8439 
1.4072 
1.6254 
1.1875 
1.3155 
1.5107 
1.0448 
1.1385 
1.2542 
1.4328 
8 
1.9063 
1.4700 
1.6861 
1.2487 
1.3748 
1.5696 
9 10 ; 
1.9608 
1.5253 
1.7396 2.0092 
60 
Table 4.1.2.7: Product Moments of Order Statistics 
n 
1 
2 
3 
4 
5 
6 
7 
6 
9 
10 
a 
1 
1 
Z 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
I 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
0.8906 
0.5993 
0.8096 
0.4754 
0.6141 
0.7643 
0.4033 
0.5122 
0.6101 
0.7316 
0.3550 
0.4469 
0.5232 
0.6015 
0.7058 
0.3199 
0.4004 
0.4646 
0.5254 
0.5919 
0.6845 
0.2929 
0.3653 
0.4214 
0.4723 
0.5237 
0.5824 
0.6664 
0.Z714 
0.3375 
0.3878 
0.4323 
0.4752 
0.5204 
0.5733 
0.6508 
0.2538 
0.3149 
0.3608 
0.4006 
0.4380 
0.4756 
0.5162 
0.5647 
0.6370 
0.2389 
0.2960 
0.3384 
0.3747 
0.4081 
0.4409 
0.4746 
0.5117 
0.5567 
0.6247 
2 
1.1819 
0.8472 
1.0505 
0.6916 
0.8219 
0.9841 
0.5965 
0.6973 
0.8009 
0.9390 
0.5307 
0.6150 
0.6949 
0.7826 
0.9047 
0.4818 
0.5552 
0.6220 
0.6895 
0.7665 
0.8769 
0.4436 
0.5093 
0.5674 
0.6236 
0.6827 
0.7520 
0.8535 
0.4128 
0.4726 
0.5245 
0.5734 
0.6225 
0.6755 
0.7389 
0.8334 
0.3872 
0.4424 
0.4896 
0.5333 
0.5759 
0.6199 
0.6683 
0.7270 
0.8157 
3 
1.3492 
1.0029 
1.1980 
0.8343 
0.9569 
1.1208 
0.7280 
0.8220 
0.9251 
1.0688 
0.6530 
0.7310 
0.8099 
0.9001 
1.0294 
0.5963 
0.6639 
0.7294 
0.7984 
0.8792 
0.9977 
0.5515 
0.6118 
0.6686 
0.7257 
0.7874 
0.6612 
0.9712 
0.5150 
0.5698 
0.6204 
0.6698 
0.7209 
0.7771 
0.8453 
0.9484 
in=3.5 
4 
1.4647 
1.1153 
1.3041 
0.9405 
1.0575 
1.2208 
0.8281 
0.9170 
1.0186 
1.1644 
0.7475 
0.8209 
0.8981 
0.9888 
1.1217 
0.6859 
0.7493 
0.8131 
0.8820 
0.9644 
1.0874 
0.6367 
0.6931 
0.7482 
0.8051 
0.8677 
0.9437 
1.0587 
t 
5 
1.5520 
1.2028 
1.3865 
1.0248 
1.1375 
1.2995 
0.9087 
0.9938 
1.0937 
1.2403 
0.8245 
0.8944 
0.9700 
1.0604 
1.1954 
0.7596 
0.8198 
0.8819 
0.9503 
1.0335 
1.1592 
9 = 1 .0 
6 
1.6218 
1.2740 
1.4537 
1.0944 
1.2037 
1.3644 
0.9761 
1.0582 
1.1564 
1.3032 
0.8895 
0.9567 
1.0307 
1.1206 
1.2567 
7 
1.6798 
1.3338 
1.5103 
1.1536 
1.2601 
1.4194 
1.0338 
1.1135 
1.2103 
1.3569 
8 
1.7292 
1.3853 
1.5590 
1.2049 
1.3092 
1.4671 
9 10 
1.7722 
1.4304 
1.6018 1.8102 
61 
o 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
Tabl< 
r 1 
0.8862 
0.6267 
0.8217 
0.5117 
0.6449 
0.7830 
0.4431 
0.5502 
0.6427 
0.7543 
0.3963 
0.4882 
0.5618 
0.6355 
0.7314 
0.3618 
0.4435 
0.5063 
0.5645 
0.6270 
0.7123 
0.3350 
0.4092 
0.4648 
0.5142 
0.5633 
0.6184 
0.6960 
0.3133 
0.3818 
0.4322 
0.4758 
0.5173 
0.5604 
0.6101 
0.6818 
0.2954 
0.3593 
0.4057 
0.4451 
0.4817 
0.5179 
0.5566 
0.6022 
0.6692 
0.2802 
0.3404 
0.3836 
0.4198 
0.4528 
0.4846 
0.5171 
0.5524 
0.5948 
0.6580 
9 4.1.2 
2 
1.1458 
0.8566 
1.0371 
0.7173 
0.8366 
0.9808 
0.6302 
0.7245 
0.8189 
0.9420 
0.5690 
0.6490 
0.7232 
0.8031 
0.9121 
0.5228 
0.5935 
0.6563 
0.7187 
0.7889 
0.8877 
0.4864 
0.5503 
0.6056 
0.6583 
0.7129 
0.7761 
0.8672 
0.4567 
0.5154 
0.5653 
0.6116 
0.6575 
0.7065 
0.7644 
0.8494 
0.4318 
0.4865 
0.5323 
0.5740 
0.6142 
0.6553 
0.7000 
0.7537 
0.8337 
.8: Pro 
3 
1.2904 
0.9960 
1.1655 
0.8479 
0.9575 
1.1005 
0.7527 
0.8383 
0.9304 
1.0562 
0.6844 
0.7565 
0.8282 
0.9088 
1.0224 
0.6321 
0.6954 
0.7557 
0.8182 
0.8906 
0.9950 
0.5904 
0.6474 
0.7002 
0.7527 
0.8086 
0.8748 
0.9719 
0.5560 
0.6083 
0.6558 
0.7017 
0.7485 
0.7995 
0.8608 
0.9521 
duct Momenta 
tn=4 
4 
1.3885 
1.0947 
1.2565 
0.9431 
1.0461 
1.1868 
0.8438 
0.9234 
1.0129 
1.1392 
0.7715 
0.8382 
0.9073 
0.9873 
1.1028 
0.7156 
0.7738 
0.8316 
0.8933 
0.9663 
1.0734 
0.6705 
0.7228 
0.7733 
0.8248 
0.8809 
0.9483 
1.0487 
0, 
5 
1.4620 
1.1704 
1.3265 
1.0176 
1.1157 
1.2541 
0.9161 
0.9914 
1.0785 
1.2044 
0.8414 
0.9041 
0.9710 
1.0501 
1.1664 
0.7832 
0.8377 
0.8934 
0.9541 
1.0269 
1.1356 
of Order Stati 
G-l 
6 
1.5203 
1.2316 
1.3832 
1.0785 
1.1728 
1.3091 
0.9759 
1.0478 
1.1329 
1.2580 
0.8997 
0.9594 
1.0243 
1.1024 
1.2189 
. 0 
7 
1.5684 
1.2826 
1.4306 
1.1298 
1.2212 
1.3556 
1.0266 
1.0969 
1.1792 
1.3035 
8t iCB 
8 
1.6092 
1.3262 
1.4713 
1.1741 
1.2630 
1.3956 
9 10 
1.6446 
1.3643 
1.5068 1.6757 
62 
Table 4.1.2.9: Product Homenta of Order Statistics 
ni=4.5, 9 = 1.0 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1-
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
6 
9 
1 
2 
3 
4 
5 
6 
7 
e 
9 
10 
r 1 
0.8857 
0.6509 
0.8329 
0.5436 
0.6714 
0.7993 
0.4783 
0.5829 
0.6705 
0.7737 
0.4332 
0.5241 
0.5949 
0.6643 
0.7531 
0.3994 
0.4812 
0.5422 
0.5978 
0.6567 
0.7358 
0.3730 
0.4479 
0.5025 
0.5502 
0.5970 
0.6489 
0.7209 
0.3515 
0.4212 
0.4711 
0.5136 
0.5535 
0.5944 
0.6412 
0.7079 
0.3336 
0.3991 
0.4453 
0.4840 
0.5194 
0.5542 
0.5910 
0.6340 
0.6963 
0.3183 
0.3803 
0.4237 
0.4595 
0.4916 
0.5224 
0.5535 
0.5871 
0.6271 
0.6860 
2 
1.1206 
0.8656 
1.0281 
0.7393 
0.8493 
0.9792 
0.6590 
0.7473 
0.8341 
0.9451 
0.6017 
0.6777 
0.7468 
0.8201 
0.9187 
0.5581 
0.6258 
0.6850 
0.7431 
0.8075 
0.8970 
0.5234 
0.5852 
0.6377 
0.6872 
0.7379 
0.7960 
0.8786 
0.4949 
0.5521 
0.5999 
0.6437 
0.6867 
0.7322 
0.7854 
0.8627 
0.4709 
0.5245 
0.5686 
0.6084 
0.6464 
0.6648 
0.7264 
0.7758 
0.8486 
3 
1.2481 
0.9918 
1.1419 
0.8597 
0.9589 
1.0858 
0.7734 
0.8519 
0.9352 
1.0472 
0.7107 
0.7776 
0.8433 
0.9162 
1.0176 
0.6623 
0.7215 
0.7773 
0.8346 
0.9001 
0.9934 
0.6233 
0.6771 
0.7264 
0.7748 
0.8261 
0.8860 
0.9731 
0.5909 
0.6406 
0.6852 
0.7280 
0.7712 
0.8179 
0.8735 
0.9554 
4 
1.3335 
1.0799 
1.2217 
0.9461 
1.0380 
1.1618 
0.8570 
0.9291 
1.0092 
1.1205 
0.7915 
0.8525 
0.9151 
0.9867 
1.0889 
0.7403 
0.7940 
0.8469 
0.9028 
0.9682 
1.0632 
0.6987 
0.7473 
0.7938 
0.8409 
0.8918 
0.9523 
1.0415 
5 
1.3969 
1.1468 
1.2825 
1.0129 
1.0997 
1.2206 
0.9226 
0.9901 
1.0674 
1.1777 
0.8555 
0.9123 
0.9723 
1.0426 
1.1448 
0.8026 
0.8525 
0.9029 
0.9574 
1.0223 
1.1180 
6 
1.4469 
1.2004 
1.3315 
1.0670 
1.1500 
1.2683 
0.9763 
1.0404 
1.1154 
1.2244 
0.9083 
0.9620 
1.0199 
1.0889 
1.1907 
7 
1.4879 
1.2449 
1.3723 
1.1124 
1.1923 
1.3085 
1.0216 
1.0830 
1.1561 
1.2639 
8 
1.5227 
1.2828 
1.4071 
1.1512 
1.2287 
1.3430 
9 10 
1.5527 
1.3156 
1.4374 1.57901 / 
63 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
A 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
Table 4.1 
r 1 
0.8873 
0.6724 
0.8432 
0.5717 
0.6943 
0.8134 
0.5096 
0.6113 
0.6944 
0.7904 
0.4661 
0.5555 
0.6234 
0.6890 
0.7716 
0.4333 
0.5144 
0.5735 
0.6266 
0.6821 
0.7557 
0.4074 
0.4823 
0.5356 
0.5815 
0.6260 
0.6749 
0.7421 
0.3862 
0.4563 
0.5053 
0.5464 
0.5848 
0.6237 
0.6679 
0.7301 
0.3684 
0.4346 
0.48U4 
0.5181 
0.5523 
0.5856 
0.6205 
0.6611 
0.7194 
0.3532 
0.4162 
0.4593 
0.4943 
0.5256 
0.5552 
0.5850 
0.6170 
0.6547 
0.7098 
2 
1.1021 
0.8738 
1.0218 
0.7582 
0.8603 
0.9786 
0.6837 
0.7667 
0.8470 
0.9482 
0.6300 
0.7021 
0.7668 
0.8345 
0.9244 
0.5888 
0.6536 
0.7094 
0.7636 
0.8231 
0.9049 
0.5557 
0.6152 
0.6651 
0.7117 
0.7590 
0.8127 
0.8883 
0.5284 
0.5838 
0.6295 
0.6710 
0.7114 
0.7538 
0.8031 
0.8738 
0.5053 
0.5574 
0.5999 
0.6377 
0.6737 
0.7098 
0.7485 
0.7942 
0.8610 
.2.10: 
3 
1.2163 
0.9893 
1.1241 
0.8700 
0.9605 
1.0747 
0.7910 
0.8635 
0.9396 
1.0405 
0.7330 
0.7954 
0.8560 
0.9226 
1.0141 
0.6879 
0.7436 
0.7955 
0.8483 
0.9082 
0.9926 
0.6514 
0.7022 
0.7484 
0.7934 
0.8406 
0.8955 
0.9743 
0.6209 
0.6681 
0.7102 
0.7501 
0.7902 
0.8333 
0.6842 
0.9585 
Product 
ni=5.C 
4 
1.2919 
1.0689 
1.1951 
0.9490 
1.0322 
1.1426 
0.8683 
0.9342 
1.0066 
1.1062 
0.0083 
0.8645 
0.9217 
0.9866 
1.0782 
0.7611 
0.8110 
0.8597 
0.9107 
0.9701 
1.0554 
0.7225 
0.7679 
0.8110 
0.8544 
0.9009 
0.9558 
1.0361 
: riomen 
', 
5 
1.3477 
1.1289 
1.2489 
1.0095 
1.0875 
1.1948 
0.9283 
0.9895 
1.0590 
1.1571 
0.8673 
0.9192 
0.9737 
1.0370 
1.1281 
0.8189 
0.8648 
0.9109 
0.9604 
1.0189 
1.1044 
ts of 0 
9=1. 0 
6 
1.3914 
1.1766 
1.2920 
1.0583 
1.1324 
1.2370 
0.9770 
1.0349 
1.1020 
1.1986 
0.9156 
0.9644 
1.0167 
1.0785 
1.1689 
rder St 
7 
1.4273 
1.2160 
1.3278 
1.0990 
1.1701 
1.2723 
1.0180 
1.0731 
1.1382 
1.2334 
atistics 
8 9 10 
1.4574 
1.2494 
1.3582 1.4834 
1.1337 
1.2023 1.2784 
1.3026 1.3846 1,5062 
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Table 4.I.E.11: Ratio Moments of Ordpr Statiatlca 
m=0.5, 
3 4 
0=1.0 
10 
1 1.0000 
1 1.0000 
2 0.2274 1.0000 
1 1.0000 
2 0.2688 1.0000 
3 0.0832 0.3302 
1 1.0000 
2 0.2869 1.0000 
3 0.1085 0.3931 
4 0.0391 0.1464 
1.0000 
0.2970 
0.1218 
0.0539 
0.0214 
1.0000 
0.4216 
0.1909 
0.0772 
1.0000 
1.0000 
0.3905 
1.0000 
0.4657 
0.1933 
1.0000 
1.0000 
0.4312 1.0000 
6 
7 
8 
9 
10 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1.0000 
0.3035 
0.1301 
0.0627 
0.0306 
0.0130 
1.0000 
0.3081 
0.1358 
0.0687 
0.0365 
0.0190 
0.0085 
1.0000 
0.3114 
0.1399 
0.0730 
0.0407 
0.0231 
0.0127 
0.0059 
1.0000 
0.3139 
0.1431 
0.0762 
0.0439 
0.0262 
0.0156 
0.0089 
0.0043 
1.0000 
0.3160 
0.1456 
0.0787 
0.0463 
0.0285 
0.0178 
0.0110 
0.0065 
0.0032 
1.0000 
0.4380 
0.2148 
0.1062 
0.0457 
1.0000 
0.4487 
0.2300 
0.1236 
0.0650 
0.0294 
1.0000 
0.4562 
0.2406 
0.1354 
0.0775 
0.0427 
0.0200 
1.0000 
0.4618 
0.2483 
0.1440 
0.0864 
0.0518 
0.0296 
0.0143 
1.0000 
0.4661 
0.2543 
0.1505 
0.0931 
0.0585 
0.0363 
0.0214 
0.0107 
1.0000 
0.5004 
0.2516 
0.1100 
1.0000 
0.5206 
0.2833 
0.1506 
0.0687 
1.0000 
0.5339 
0.3036 
0.1751 
0.0972 
0.0460 
1.0000 
0.5434 
0.3177 
0.1918 
0.1156 
0.0664 
0.0324 
1.0000 
0.5505 
0.3282 
0.2040 
0.1288 
0.0803 
0.0475 
0.0237 
1.0000 
0.5140 
0.2295 
1.0000 
0.5525 
0.2978 
0.1377 
1.0000 
0.5752 
0.3352 
0.1877 
0.0895 
1.0000 
0.5902 
0.3592 
0.2179 
0.1260 
0.0618 
1.0000 
0.6010 
0.3760 
0.2386 
0.1495 
0.0888 
0.0446 
1.0000 
0.4610 
1.0000 
0.5488 
0.2583 
1.0000 
0.5899 
0.3342 
0.1612 
1.0000 
0.6142 
0.3757 
0.2189 
0.1082 
1.0000 
0.6304 
0.4026 
0.2537 
0.1515 
0.0765 
1.0000 
1.0000 
0.4839 
1.0000 
0.5752 
0.2820 
1.0000 
0.6181 
0.3637 
0.1815 
1.0000 
0.6436 
0.4085 
0.2455 
0.1248 
1.0000 
1.0000 
0.5024 
1.0000 
0.5962 
0.3018 
1.0000 
0.6403 
0.3881 
0.1992 
1. 
1 
0 
1 
0 
0 
0000 
0000 
5176 1.0000 
.0000 
.6133 1.0000 
.3188 0.5305 1.0000 
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Table 4.1.2.12: Ratio Momenta of Order Statiatlca 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.3863 
1.0000 
0.4328 
0.2151 
1.0000 
0.4522 
0.2545 
0.1417 
1.0000 
0.4629 
0.2738 
0.1724 
0.1027 
1.0000 
0.4696 
0.2854 
0.1890 
0.1270 
0.0792 
1.0000 
0.4743 
0.2931 
0.1995 
0.1408 
0.0988 
0.0636 
1.0000 
0.4778 
0.2987 
0.2069 
0.1501 
0.1104 
0.0798 
0.0528 
1.0000 
0.4804 
0.3030 
0.2124 
0.1567 
0.1184 
0.0898 
0.0664 
0.0448 
1.0000 
0.4824 
0.3063 
0.2166 
0.1618 
0.1244 
0.0967 
0.0750 
0.0565 
0.0388 
2 
1.0000 
1.0000 
0.5110 
1.0000 
0.5723 
0.3226 
1.0000 
0.5985 
0.3801 
0.2279 
1.0000 
0.6133 
0.4086 
0.2758 
0.1726 
1.0000 
0.6227 
0.4259 
0.3017 
0.2122 
0.1371 
1.0000 
0.6293 
0.4377 
0.3183 
0.2348 
0.1701 
0.1126 
1.0000 
0.6342 
0.4461 
0.3301 
0.2499 
0.1897 
0.1405 
0.0949 
1.0000 
0.6379 
0.4526 
0.3388 
0.2608 
0.2032 
0.1576 
0.1188 
0.0816 
3 
1.0000 
1.0000 
0.5745 
1.0000 
0.6421 
0.3886 
1.0000 
0.6714 
0.4559 
0.2868 
1.0000 
0.6880 
0.4895 
0.3455 
0.2239 
1.0000 
0.6988 
0.5100 
0.3772 
0.2738 
0.1818 
1.0000 
0.7063 
0.5240 
0.3976 
0.3023 
0.2243 
0.1518 
1.0000 
0.7119 
0.5342 
0.4121 
0.3214 
0.2496 
0.1884 
0.1296 
ni=l .0 
4 
1.0000 
1.0000 
0.6139 
1.0000 
0.6846 
0.4339 
1.0000 
0.7154 
0.5072 
0.3302 
1.0000 
0.7330 
0.5438 
0.3960 
0.2636 
1.0000 
0.7444 
0.5664 
0.4315 
0.3208 
0.2175 
1.0000 
0.7525 
0.5817 
0.4546 
0.3535 
0.2672 
0.1840 
9 = 1 
5 
1.0000 
1.0000 
0.6413 
1.0000 
0.7135 
0.4674 
1.0000 
0.7452 
0.5446 
0.3638 
1.0000 
0.7632 
0.5831 
0.4345 
0.2953 
1.0000 
0.7751 
0.6069 
0.4728 
0.3580 
0.2469 
.0 
6 
1.0000 
1.0000 
0.6616 
1.0000 
0.7347 
0.4934 
1.0000 
0.7667 
0.5731 
0.3907 
1.0000 
0.7851 
0.6130 
0.4651 
0.3215 
7 
1.0000 
1.0000 
0.6774 
1.0000 
0.7509 
0.5143 
1.0000 
0.7831 
0.5959 
0.4130 
8 
1.0000 
1.0000 
0.6902 
1.0000 
0.7639 
0.5316 
9 10 
1.0000 
1.0000 
0.7008 1.0000 
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Table 4.1.2.13: Ratio Moments of Order Statietlca 
in=1.5, G = 1.0 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.4942 
1.0000 
0.5384 
0.3272 
1.0000 
0.5564 
0.3698 
0.2455 
1.0000 
0.5662 
0.3900 
0.2825 
0.1972 
1.0000 
0.5725 
0.4019 
0.3015 
0.2291 
0.1654 
1.0000 
0.5767 
0.4099 
0.3134 
0.2465 
0.1932 
0.1428 
1.0000 
0.5799 
0.4155 
0.3217 
0.2577 
0.2088 
0.1673 
0.1260 
1.0000 
0.5823 
0.4198 
0.3277 
0.2658 
0.2193 
0.1815 
0.1478 
0.1129 
1.0000 
0.5841 
0.4231 
0.3324 
0.2718 
0.2269 
0.1912 
0.1607 
0.1326 
0.1025 
2 
1.0000 
1.0000 
0.6171 
1.0000 
0.6708 
0.4481 
1.0000 
0.6932 
0.5043 
0.3532 
1.0000 
0.7057 
0.5311 
0.4045 
0.2925 
1.0000 
0.7136 
0.5471 
0.4310 
0.3382 
0.2504 
1.0000 
0.7192 
0.5579 
0.4476 
0.3631 
0.2911 
0.2195 
1.0000 
0.7232 
0.5656 
0.4592 
0.3793 
0.3141 
0.2560 
0.1957 
1.0000 
0.7263 
0.5714 
0.4678 
0.3909 
0.3295 
0.2771 
0.2287 
0.1769 
3 
1.0000 
1.0000 
0.6747 
1.0000 
0.7316 
0.5148 
1.0000 
0.7556 
0.5772 
0.4185 
1.0000 
0.7691 
0.6071 
0.4773 
0.3539 
1.0000 
0.7777 
0.6251 
0.5077 
0.4076 
0.3075 
1.0000 
0.7838 
0.6372 
0.5270 
0.4367 
0.3561 
0.2725 
1.0000 
0.7882 
0.6460 
0.5403 
0.4558 
0.3835 
0.3167 
0.2451 
4 
1.0000 
1.0000 
0.7090 
1.0000 
0.7671 
0.5583 
1.0000 
0.7917 
0.6238 
0.4636 
1.0000 
0.8055 
0.6554 
0.5268 
0.3980 
1.0000 
0.8145 
0.6744 
0.5595 
0.4567 
0.3497 
1.0000 
0.8208 
0.6873 
0.6803 
0.4886 
0.4036 
0.3126 
5 
1.0000 
1.0000 
0.7322 
1.0000 
0.7906 
0.5892 
1.0000 
0.8154 
0.6566 
0.4969 
1.0000 
0.8294 
0.6890 
0.5630 
0.4316 
1.0000 
0.8385 
0.7086 
0.5972 
0.4937 
0.3826 
6 
1.0000 
1.0000 
0.7491 
1.0000 
0.8074 
0.6127 
1.0000 
0.8322 
0.6811 
0.5229 
1.0000 
0.8463 
0.7140 
0.5909 
0.4584 
7 
1.0000 
1.0000 
0.7621 
1.0000 
0.8202 
0.6312 
1.0000 
0.8449 
0.7001 
0.5439 
8 
1.0000 
1.0000 
0.7725 
1.0000 
0.8303 
0.6463 
9 
1.0000 
1.0000 
0.7811 
" l o " ' 
1.0000 
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Table 4.1.2.14: Ratio Moments of Order Statiatlca 
/ 
1 1 1.0000 
i n = 2 . 0 , e = 1 . 0 
4 5 6 8 9 10 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
e 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1.0000 
0.5708 
1.0000 
0.6113 
0.4153 
1.0000 
0.6276 
0.4572 
0.3336 
1.0000 
0.6365 
0.4766 
0.3721 
0.2827 
1.0000 
0.6421 
0.4881 
0.3914 
0.3174 
0.2475 
1.0000 
0.6459 
0.4956 
0.4034 
0.3358 
0.2789 
0.2217 
1.0000 
0.6487 
0.5010 
0.4116 
0.3476 
0.2962 
0.2502 
0.2017 
1.0000 
0.6509 
0.5050 
0.4176 
0.3559 
0.3075 
0.2663 
0.2279 
0.1858 
1.0000 
0.6525 
0.5082 
0.4222 
0.3621 
0.3157 
0.2772 
0.2430 
0.2100 
0.1727 
1.0000 
1.0000 
0.6859 
1.0000 
0.7327 
0.5367 
1.0000 
0.7520 
0.5885 
0.4480 
1.0000 
0.7626 
0.6128 
0.4975 
0.3885 
1.0000 
0.7694 
0.6272 
0.5226 
0.4345 
0.3455 
1.0000 
0.7740 
0.6367 
0.5381 
0.4588 
0.3879 
0.3128 
1.0000 
0.7775 
0.6436 
0.5488 
0.4715 
0.4112 
0.3520 
0.2870 
1.0000 
0.7801 
0.6488 
0.5567 
0.4856 
0.4265 
0.3740 
0.3233 
0.2660 
1.0000 
1.0000 
0.7371 
1.0000 
0.7855 
0.5995 
1.0000 
0.8056 
0.6552 
0.5124 
1.0000 
0.8168 
0.6814 
0.5671 
0.4514 
1.0000 
0.8240 
0.6971 
0.5948 
0.5032 
0.4060 
1.0000 
0.8289 
0.7075 
0.6121 
0.5306 
0.4544 
0.3707 
1.0000 
0.8326 
0.7150 
0.6240 
0.5483 
0.4810 
0.4159 
0.3423 
1.0000 
1.0000 
0.7668 
1.0000 
0.8155 
0.6391 
1.0000 
0.8358 
0.6965 
0.5551 
1.0000 
0.6472 
0.7236 
0.6126 
0.4947 
1.0000 
0.8545 
0.7398 
0.6417 
0.5499 
0.4488 
1.0000 
0.8596 
0.7506 
0.6599 
0.5791 
0.5009 
0.4124 
1.0000 
1.0000 
0.7866 
1.0000 
0.8350 
0.6667 
1.0000 
0.8553 
0.7249 
0.5860 
1.0000 
0.8667 
0.7524 
0.6451 
0.5269 
1.0000 
0.8740 
0.7688 
0.6750 
0.5842 
0.4812 
1.0000 
1.0000 
0.8008 
1.0000 
0.8489 
0.6873 
1.0000 
0.8691 
0.7458 
0.6097 
1.0000 
0.8804 
0.7735 
0.6697 
0.5520 
1.0000 
1.0000 
0.8118 
1.0000 
0.8594 
0.7034 
1.0000 
0.8794 
0.7620 
0.6285 
1.0000 
1.0000 
0.8204 
1.0000 
0.8676 
0.7164 
1.0000 
1.0000 
0.8275 1.0000 
•/ 
(50 
Tabl« 4.1.2.16: Ratio Moments of Order Statlatlca 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
-
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.6276 
1.0000 
0.6645 
0.4845 
1.0000 
0.6793 
0.5244 
0.4060 
1.0000 
0.6873 
0.5427 
0.4439 
0.3S53 
1.0000 
0.6923 
0.5533 
0.4627 
0.3905 
0.3194 
1.0000 
0.6957 
0.5604 
0.4742 
0.4088 
0.3520 
0.2924 
1.0000 
0.6983 
0.5654 
0.4820 
0.4204 
0.3695 
0.3226 
0.2711 
l.OOUO 
0.7002 
0.5691 
0.4878 
0.4286 
0.3810 
0.3393 
0.2993 
0.2538 
1.0000 
0.7017 
0.5720 
0.4922 
0.4347 
0.3891 
0.3504 
0.3152 
0.2803 
0.2394 
2 
1.0000 
1.0000 
0,7339 
1.0000 
0.7751 
0.6016 
1.0000 
0.7919 
0.6488 
0.5201 
1.0000 
0.8011 
0.6707 
0.5665 
0.4638 
1.0000 
0.8070 
0.6835 
0.5897 
0.5080 
0.4222 
1.0000 
0.8110 
0.6921 
0.6039 
0.5310 
0.4637 
0 3898 
1.0000 
0.8140 
0.6981 
0.6137 
0.5457 
0.4862 
0.4289 
0.3638 
1.0000 
0.8163 
0.7027 
0.6209 
0.5560 
0.5008 
0.4506 
0.4007 
0.3424 
m=2. 
3 
1.0000 
1.0000 
0.7795 
1.0000 
0.8214 
0.6596 
1.0000 
0.8387 
0.7093 
0.5812 
1.0000 
0.8482 
0.7324 
0.6313 
0.5250 
1.0000 
0.8543 
0.7460 
0.6563 
0.5734 
0.4822 
1.0000 
0.8585 
0.7551 
0.6717 
0.5986 
0.5283 
0.4483 
1.0000 
0.8617 
0.7617 
0.6824 
0.6148 
0.5532 
0.4920 
0.4205 
5, e=i 
4 
1.0000 
1.0000 
0.8055 
1.0000 
0.8473 
0.6953 
1.0000 
0.8645 
0.7459 
0.6207 
1.0000 
0.8741 
0.7694 
0.6726 
0.5659 
1.0000 
0.8803 
0.7834 
0.6985 
0.6166 
0.5233 
1.0000 
0.8846 
0.7928 
0.7146 
0.6431 
0.5721 
0.4891 
5 
1.0000 
1.0000 
0.8227 
1.0000 
0.8640 
0.7199 
1.0000 
0.8811 
0.7707 
0.6489 
1.0000 
0.8907 
0.7944 
0.7017 
0.5958 
1.0000 
0.8968 
0.8085 
0.7280 
0.6478 
0.5540 
6 
1.0000 
1.0000 
0.8350 
1.0000 
0.8758 
0.7381 
1.0000 
0.8927 
0.7889 
0.6703 
1.0000 
0.9022 
0.8126 
0.7234 
0.6188 
1. 
1. 
0. 
1 
0 
0 
1 
0 
0 
0 
7 
0000 
0000 
8443 
0000 
8846 
7522 
.0000 
.9013 
.8028 
6871 
8 
1.0000 
1.0000 
0.8517 
1.0000 
0.8915 
0.7636 
9 10 
1.0000 
1.0000 
0.8578 1.0000 
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Table 4.1.2.16: Ratio Moments of Order Statiatlca 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.6714 
1.0000 
0.7050 
0.5397 
1.0000 
0.7184 
0.5773 
0.4654 
1.0000 
0.7256 
0.5943 
0.5019 
0.4163 
1.0000 
0.7302 
0.6042 
0.5197 
0.4508 
0.3809 
1.0000 
0.7333 
0.6107 
0.5307 
0.4685 
0.4133 
0.3538 
1.0000 
0.7356 
0.6154 
0.5381 
0.4798 
0.4305 
0.3843 
0.3322 
1.0000 
0.7373 
0.6186 
0.5435 
0.4876 
0.4417 
0.4009 
0.3610 
0.3144 
1.0000 
0.7387 
0.6215 
0.5476 
0.4934 
0.4497 
0.4119 
0.3770 
0.3417 
0.2995 
2 
1.0000 
1.0000 
0.7693 
1.0000 
0.8059 
0.6509 
1.0000 
0.8208 
0.6939 
0.5762 
1.0000 
0.8289 
0.7137 
0.6194 
0.5236 
1.0000 
0.8341 
0.7252 
0.6406 
0.5653 
0.4640 
1.0000 
0.6376 
0.7329 
0.6537 
0.5868 
0.5238 
0.4529 
1.0000 
0.8402 
0.7383 
0.6626 
0.6004 
0.5451 
0.4908 
0.4276 
1.0000 
0.6422 
0.7424 
0.6691 
0.6100 
0.5589 
0.5115 
0.4637 
0.4064 
3 
1.0000 
1.0000 
0.8102 
1.0000 
0.8470 
0.7042 
1.0000 
0.6621 
0.7488 
0.6335 
1.0000 
0.8704 
0.7694 
0.6792 
0.5818 
1.0000 
0.8757 
0.7815 
0.7018 
0.6267 
0.5419 
1.0000 
0.6794 
0.7895 
0.7157 
0.6498 
0.5852 
0.5099 
1.0000 
0.8621 
0.7953 
0.7252 
0.6645 
0.6083 
0.5515 
0.4835 
m=3 . 
4 
1.0000 
1.0000 
0.8333 
1.0000 
0.8697 
0.7365 
1.0000 
0.8647 
0.7615 
0.6696 
1.0000 
0.8930 
0.8023 
0.7167 
0.6200 
1.0000 
0.8984 
0.6146 
0.7398 
0.6665 
0.5809 
1.0000 
0.9021 
0.8228 
0.7541 
0.6904 
0.6261 
0.5490 
D, 9 = 
5 
1.0000 
1.0000 
0.8484 
1.0000 
0.8843 
0.7586 
1.0000 
0.8991 
0.8036 
0.6955 
1.0000 
0.9073 
0.6243 
0.7426 
0.6476 
1.0000 
0.9126 
0.6366 
0.7662 
0.6949 
0.6094 
1 
6 
1.0000 
1.0000 
0.8591 
1.0000 
0.8945 
0.7748 
1.0000 
0.9091 
0.8195 
0.7148 
1.0000 
0.9172 
0.8402 
0.7622 
0.6687 
7 
1.0000 
1.0000 
0.8673 
1.0000 
0.9022 
0.7873 
1.0000 
0.9165 
0.8318 
0.7299 
8 
1.0000 
1.0000 
0.8738 
1.0000 
0.9081 
0.7974 
9 10 
1.0000 
1.0000 
0.8790 1.0000 
•/n 
T a b l e 4 . 1 . 2 . 1 7 : R a t i o Iloments of Order S t a t i a t l c a 
n 
1 
2 
3 
4 
>> 
1.0 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.7060 
1.0000 
0.7368 
0.5646 
1.0000 
0.7491 
0.6198 
0.5146 
1.0000 
0.7557 
0.6357 
0.5494 
0.4676 
1.0000 
0.7598 
0.6449 
0.5663 
0.5009 
0.4332 
1.0000 
0.7626 
0.6509 
0.5766 
0.5179 
0.4649 
0.4066 
1.0000 
0.7647 
0.6552 
0.5836 
0.5286 
0.4816 
0.4367 
0.3853 
1.0000 
0.7663 
0.6584 
0.5886 
0.5361 
0.4924 
0.4530 
0.4139 
0.3675 
1.0000 
0.7675 
0.6609 
0.5925 
0.5416 
0.5001 
0.4637 
0.4297 
0.3949 
0.3525 
2 
1.0000 
1.0000 
0.7964 
1.0000 
0.8293 
0.6895 
1.0000 
0.8426 
0.7289 
0.6208 
1.0000 
0.8499 
0.7468 
0.6609 
0.5718 
1.0000 
0.8545 
0.7573 
0.6805 
0.6110 
0.5346 
1.0000 
0.8577 
0.7642 
0.6925 
0.6310 
0.5723 
0,5049 
1.0000 
0.8600 
0.7691 
0.7006 
0.6437 
0.5923 
0.5412 
0.4806 
1.0000 
0.8618 
0.7728 
0.7066 
0.6525 
0.6052 
0.5608 
0.5154 
0.4602 
3 
1.0000 
1.0000 
0.8334 
1.0000 
0.8663 
0.7386 
1.0000 
0.8796 
0.7789 
0.6743 
1.0000 
0.8870 
0.7974 
0.7162 
0.6268 
1.0000 
0.8917 
0.8083 
0.7367 
0.6683 
0.5898 
1.0000 
0.8949 
0.8155 
0.7493 
0.6896 
0.6302 
0.5598 
1.0000 
0.8973 
0.8206 
0.7579 
0.7030 
0.6516 
0.5989 
0.5348 
in= 3 . 5 
4 
1.0000 
1.0000 
0.8541 
1.0000 
0.8865 
0.7680 
1.0000 
0.8997 
0.8085 
0.7078 
1.0000 
0.9070 
0.8270 
0.7504 
0.6624 
1.0000 
0.9117 
0.8360 
0.7713 
0.7050 
0.6263 
1.0000 
0.9149 
0.8452 
0.7841 
0.7268 
0.6681 
0.6967 
9 = 1 
5 
1.0000 
1.0000 
0.8676 
1.0000 
0.8994 
0.7879 
1.0000 
0.9124 
0.8282 
0.7313 
1.0000 
0.9196 
0.8467 
0.7741 
0.6678 
1.0000 
0.9242 
0.8576 
0.7950 
0.7310 
0.6529 
6 
1.0000 
1.0000 
0.8772 
1.0000 
0.9084 
0.8025 
1.0000 
0.9212 
0.8424 
0.7488 
1.0000 
0.9283 
0.8608 
0.7915 
0.7071 
7 
1.0000 
1.0000 
0.8644 
1.0000 
0.9151 
0.8137 
1.0000 
0.9277 
0.8533 
0.7625 
8 
1.0000 
1.0000 
0.8901 
1.0000 
0.9203 
0.8227 
9 10 
1.0000 
1.0000 
0.8948 1.0000 
71 
n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
r 1 
1.0000 
1.0000 
0.7340 
1.0000 
0.7625 
0.6218 
1.0000 
0.7737 
0.6547 
0.5559 
1.0000 
0.7798 
0.6695 
0.5889 
0.5111 
1.0000 
0.7836 
0.6781 
0.6046 
0.5430 
0.4781 
1.0000 
0.7862 
0.6837 
0.6145 
0.5592 
0.5086 
0.4523 
1.0000 
0.7880 
0.6876 
0.6211 
0.5694 
0.5247 
0.4815 
0.4314 
1.0000 
0.7895 
0.6906 
0.6258 
0.5765 
0.5350 
0.4973 
0.4594 
0.4139 
1.0000 
0.7906 
0.6929 
0.6294 
0.5817 
0.5423 
0.5076 
0.4748 
0.4409 
0.3991 
rable 4 
2 
1.0000 
1.0000 
0.8179 
1.0000 
0.8477 
0.7206 
1.0000 
0.8598 
0.7567 
0.6572 
1.0000 
0.8663 
0.7731 
0.6944 
0.6115 
1.0000 
0.8704 
0.7827 
0.7125 
0.6482 
0.5764 
1.0000 
0.8733 
0.7890 
0.7235 
0.6669 
0.6121 
0.5484 
1.0000 
0.8754 
0.7935 
0.7311 
0.6786 
0.6308 
0.5828 
0.5252 
1.0000 
0.8770 
0.7969 
0.7365 
0.6868 
0.6429 
0.6013 
0.5584 
0.5056 
.1.2.18 
3 
1.0000 
1.0000 
0.8516 
1.0000 
0.6812 
0.7659 
1.0000 
0.6932 
0.8027 
0.7071 
1.0000 
0.8998 
0.8194 
0.7456 
0.6633 
1.0000 
0.9040 
0.8292 
0.7644 
0.7017 
0.6288 
1.0000 
0.9069 
0.8357 
0.7759 
0.7213 
0.6665 
0.6007 
1.0000 
0.9091 
0.8404 
0.7838 
0.7337 
0.6864 
0.6374 
0.5772 
: Ratio floments of 0 
iti=4 
4 
1.0000 
1.0000 
0.8704 
1.0000 
0.8994 
0.7928 
1.0000 
0.9112 
0.8295 
0.7381 
1.0000 
0.9178 
0.8462 
0.7770 
0.6964 
1.0000 
0.9219 
0.8561 
0.7960 
0.7356 
0.6631 
1.0000 
0.9248 
0.8626 
0.8077 
0.7556 
0.7018 
0.6355 
0, 0 
5 
1.0000 
1.0000 
0.8825 
1.0000 
0.9110 
0.8109 
1.0000 
0.9226 
0.8473 
0.7596 
1.0000 
0.9290 
0.8640 
0.7966 
0.7199 
1.0000 
0.9331 
0.8738 
0.8176 
0.7595 
0.6878 
= 1.0 
6 
1.0000 
1.0000 
0.8911 
1.0000 
0.9190 
0.8242 
1.0000 
0.9304 
0.8602 
0.7756 
1.0000 
0.9368 
0.8767 
0.8145 
0.7377 
rder St 
7 
1.0000 
1.0000 
0.8976 
1.0000 
0.9250 
0.8344 
1.0000 
0.9362 
0.8700 
0.7881 
at i atlca 
8 9 10 
1.0000 
1.0000 
0.9027 1.0000 
1.0000 
0.9297 1.0000 
0.8425 0.9069 1.0000 
72 
Table 4.1.2.19: Ratio Moments of Order Statistics 
m"4 . 5 , 0 = 1.0 
4 5 6 n 10 
1 1 1.0000 
2 1 1.0000 
2 0.7572 
3 1 1.0000 
2 0.7836 
3 0.6529 
4 1 1.0000 
2 0.7940 
3 0.6838 
4 0.5909 
5 1 
2 
3 
4 
5 
6 1 
2 
3 
4 
5 
6 
1.0000 
0.7996 
0.6976 
0.6221 
0.5463 
1.0000 
0.8030 
0.7056 
0.6372 
0.5788 
0.5167 
1.0000 
1.0000 
0.8353 1.0000 
1.0000 
0.8626 1.0000 
0.7460 0.8662 
1.0000 
0.8735 1.0000 
0.7794 0.8932 
0.6873 0.7880 
1.0000 
1.0000 
0.8833 1, 0000 
1.0000 
0.8795 
0.7945 
0.7219 
0.6446 
1.0000 
0.9041 
0.8218 
0.7339 
1.0000 
0.9097 1.0000 
0.8128 0.8944 1 0000 
7 1 
2 
3 
4 
5 
6 
7 
8 1 
2 
3 
4 
5 
6 
7 
8 
9 1 
2 
3 
4 
5 
6 
7 
8 
9 
0 1 
2 
3 
4 
5 
6 
7 
. 8 
9 
10 
1.0000 
0.8054 
0.7109 
0.6463 
0.5942 
0.5461 
0.4918 
1.0000 
0.8072 
0.7146 
0.6525 
0.6039 
0.5614 
0.5201 
0.4715 
1.0000 
0.8085 
0.7173 
0.6569 
0.6105 
0.5713 
0.5352 
0.4988 
0.4546 
1.0000 
0.8096 
0.7195 
0.6603 
0.6155 
0.5782 
0.5451 
0.5136 
0.4808 
0.4401 
1.0000 
0.8833 
0.8033 
0.7387 
0.6790 
0.6116 
1-0000 
0.8859 
0-8091 
0.7490 
0.6964 
0.6452 
0.5850 
1.0000 
0.8878 
0.8132 
0.7559 
0.7074 
0.6628 
0.6177 
0.5630 
1.0000 
0.8892 
0.8163 
0.7609 
0.7150 
0.6741 
0.6352 
0.5947 
0.5443 
1.0000 
0.9100 
0.8371 
0.7696 
0,6933 
1.0000 
0.9138 
0.8461 
0.7869 
0.7291 
0.6612 
1.0000 
0.9165 
0.8520 
0.7974 
0.7473 
0.6965 
0.6348 
1.0000 
0.9184 
0.8562 
0.8046 
0.7587 
0.7149 
0.6694 
0.6127 
1.0000 
0.9204 
0.8464 
0.7627 
1.0000 
0.9263 
0.8616 
0.7985 
0.7242 
1.0000 
0.9301 
0.8706 
0.8159 
0.7606 
0.6933 
1.0000 
0.9327 
0.8765 
0.8266 
0.7790 
0.7294 
0.6676 
1.0000 
0.9202 
0.8295 
1.0000 
0.9306 
0.8627 
0.7826 
1.0000 
0.9365 
0.8778 
0.8183 
0.7461 
1.0000 
0.9402 
0.8867 
0.8357 
0.7825 
0.7164 
1.0000 
0.9022 
1.0000 
0.9275 
0.8416 
1.0000 
0.9377 
0.8744 
0.7973 
1.0000 
0.9434 
0.8893 
0.8328 
0.7625 
1.0000 
1.0000 
0.9081 
1.0000 
0.9329 
0.8509 
1.0000 
0.9430 
0.8832 
0.8088 
1. 
1 
0. 
1 
0 
0 
0000 
0000 
9127 
.0000 
.9371 
.8583 
1.0000 
1.0000 
0.9165 1.0000 
• / 
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n 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
8 
1 
1 
2 
1 
2 
3 
1 
2 
3 
4 
1 
2 
3 
4 
5 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
7 
1 
2 
3 
4 
5 
6 
7 
8 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
Tabl 
r 1 
1.0000 
1.0000 
0.7767 
1.0000 
0.8012 
0.6793 
1.0000 
0.8109 
0.7084 
0.6209 
1.0000 
0.8161 
0.7214 
0.6505 
0.5805 
1.0000 
0.8193 
0.7289 
0.6647 
0.6095 
0.5502 
1.0000 
0.8215 
0.7338 
0.6733 
0.6242 
0.5784 
0.5263 
1.0000 
0.8232 
0.7372 
0.6791 
0.6333 
0.5931 
0.5535 
0.5067 
1.0000 
0.6244 
0.7398 
0.6833 
0.6396 
0.6024 
0.5681 
0.5331 
0.4903 
1.0000 
0.8254 
0.7418 
0.6865 
0.6443 
0.6091 
0.5775 
0.5474 
0.5158 
0.4762 
e 4.1.2 
2 
1.0000 
1.0000 
0.8496 
1.0000 
0.8748 
0.7672 
1.0000 
0.8848 
0.7983 
0.7125 
1.0000 
0.8903 
0.8122 
0.7450 
0.6725 
1.0000 
0.8938 
0.8204 
0.7606 
0.7049 
0.6415 
1.0000 
0.8962 
0.8257 
0.7701 
0.7212 
0.6733 
0.6163 
1.0000 
0.8979 
0.8295 
0.7766 
0.7315 
0.6898 
0.6473 
0.5954 
1.0000 
0.8992 
0.8324 
0.7813 
0.7386 
0.7004 
0.6638 
0.6255 
0.5775 
.20: Ra 
3 
1.0000 
1.0000 
0.8782 
1.0000 
0.9029 
0.8064 
1.0000 
0.9129 
0.8376 
0.7563 
1.0000 
0.9184 
0.8517 
0.7894 
0.7185 
1.0000 
0.9218 
0.8599 
0.8054 
0.7519 
0.6884 
1.0000 
0.9242 
0.8654 
0.8152 
0.7688 
0.7215 
0.6637 
1.0000 
0.9260 
0.8692 
0.8218 
0.7794 
0.7388 
0.6962 
0.6428 
tio Momenta o 
m fj . 0 , 
4 
1.0000 
1.0000 
0.8940 
1.0000 
0.9181 
0.8293 
1.0000 
0.9278 
0.8602 
0.7831 
1.0000 
0.9332 
0.8742 
0.8163 
0.7474 
1.0000 
0.9367 
0.8824 
0.8323 
0.7812 
0.7186 
1.0000 
0.9390 
0.8879 
0.8421 
0.7983 
0.7523 
0.6946 
0 1 . 
5 
1.0000 
1.0000 
0.9041 
1.0000 
0.9276 
0.8447 
1.0000 
0.9372 
0.8752 
0.8015 
1.0000 
0.9425 
0.8890 
0.8345 
0.7678 
1.0000 
0.9459 
0.8972 
0.8505 
0.8016 
0.7402 
f Order 
0
6 
1.0000 
1.0000 
0.9113 
1.0000 
0.9343 
0.8559 
1.0000 
0.9437 
0.8859 
0.8152 
1.0000 
0.9488 
0.8996 
0.8479 
0.7831 
Stati«5 
7 
1.0000 
1.0000 
0.9167 
1.0000 
0.9392 
0.8644 
1.0000 
0.9484 
0.8941 
0.8258 
t i r <; 
8 
1.0000 
1.0000 
0.9209 
1.0000 
0.9431 
0.8712 
9 10 
1.0000 
1.0000 
0.9243 1.0000 
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THEOREM 4.1.2.2: For Welbull d i s t r l b u t i o n C4.1.1.1:) 
i=0 t=0 
C3n-as-r+1+21+3:? ^^ ^ ^ ^^^ 
C n-s+t+1 > ^ C n-r +1 +1.") ^ 
PROOF: Tf^ 'S' r e s u l t i s e a s i l y proved In view of C4.1.£. i:), 
C4.1.a. 4!) and C4.1.S. 8:) a t J = m and k = £m, 
4.1.3. SINGLE MOMENT FROM PRODUCT MOMENTS 
To o b t a i n t h e main r e s u l t , f i r s t we w i l l prove t h e fo l lowing 
1emma. 
LEMMA 4.1.3.1= For i < r < s < n. 
^'^ t=0 
PROOF; From C4 .1 .1 .4 : ) , t h e marginal pdf of X i s g iven by 
f,. rs^x^ = \ ^r^ ^ Cx,y)dy 
r : n J Q r , s : n ^ -^ 
s - r - 1 
r [l-FCy>]^^ ^"^^dPCy:) 
r : n 
s - r - 1 
. c : 4 . i . 3 . e ) 
t=0 
Y >s: n Y ,_. ^t f s - r - l ^ 1 
C Z ^ •' I t J Cn-s+t+1]) 
7P5 
Thus the lemma i s proved. 
THEOREM 4.1.3.1. For welbull d i s t r i b u t i o n (A. 1.1.1') 
r -1 
Ck-m!) _ m 
i=0 
S,s;n 2^-1^' tl"'] Jk-m^^'^-^^i^l^ •••• ^^-l-^-^^ 
where 
•^ 0 
J^_^Ca,b> = I x" •" [FCx:)]^ [l-FCx:)]'^dx C4.1.3.4:) 
PROOF: This result was obtained by Khan et al.(.19Q4'). Here we 
deduce it from the Theorem 4.1.2,1 by putting J = 0. 
Ck-m:)^ Ck-m,0) 
'^r : n ^ r , B: n 
r-1 
i=0 
1=0 t=0 
r r x^y^"'" [l-FCx^]^"^^^"^ [l-FCy^]"'^-^^^^ dy dx 
-i^r,.n'ic-i)^ ri^]Tc-i)'-rr]Cx^-^ 
[ 1-FCx:>] ^  "^"^^ ^ r [l-FCy5]^ "^^ ^ dFCy:i dx 
-'x 
7e 
THS^l 
I . , ; , ; , ,n.'-~' as g y"" ^<l-FCy3> = fCyJ 
i =0 1=0 
•^0 
[ l -FCx5] ' ^ -^^ i^^ dx 
This r educes t o 
r - 1 
^r:n I "^^ ^^  ['l"^ ) ^ ""^'^ [ 1-FCx>] ^ '"^ ^^  ^ ^ dx . . . . C4.1.3.5) _ m e 
i=o 
in view of C4.1.3.1) and hence the result. 
Equation C4.1.3.5> can be further simplified to yield 
^^^ m-' i=0 
whice can be used to obtain moments and inverse moments of any 
order. If we set k-m = 1 and B = 1 in C4.1.3.6:), we get result 
of the form as given by LiebleinC1955?. 
4.14. APPLICATIONS 
Besides obtaining product and ratio moments of different 
order, the theorems is also helpful in establishing an identity, 
THEOREM 4.1.4.1 For l < r < s < n and n = 1 . g 
r-1 s-r-1 
S,s:n 2 2 C-1)^ "*^ ^ T"^] p-r-n Cs-.rtl-t:)t3Cri-sftfn 
1=0 t=0 l J I ^ J Cn-s+t+l.-)^Cn-r+l+n^ 
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r -1 
= 6 
1-0 ^ " ^ ^ ^ 1-1 ]p'\-\ J ' 
PROOF; The r e s u l t fo l lows In view of Theorem 4 . 1 . 2 . 2 and t h e 
r e l a t i o n s 
r 
covCX^^^,X^.^? = J c n - i + n ' ^ ; r < s 
i= l 
and 
ECX :> = y Cn-i+i:5 ^ as qlv<°-n by Sarhanrici54:> 
i= l 
4.2. RATIO AND INVERSE MOMENTS OF ORDER STATISTICS FROM BURR 
DISTRIBUTION 
4.2.1. INTRODUCTION 
Let X., Xp, , X be ft random sampli"- of s i z e ri and 
X^  < X^ 5 , I X be t h e c o r r e s p o n d i n g order s t a t i s t i c s 
1: n 2: n n; n 
from a Burr distribution CType XII) having distribution function 
Cdf5 
FCx) = l-(l + ex^l ; m,p,6,x > 0 C4.2.1.i:> 
and p r o b a b i l i t y d e n s i t y f u n c t i o n Cpdf) 
_ -Cmti> 
tCyO = mpf?xP ^ h+ey<F\ C4, 2. 1. 2;) 
Khan and KhanC19875 have o b t a i n e d r e c u r r e n c e r e l a t i o n s for 
s i n g l e and produc t moments of o rder s t a t i s t i c s from Burr 
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distribution Calso known as Lomax, Compound Weibull or Weibull 
Gamma Dlstr i buti on5. 
L mnp J ^r:n '^r-lm-l mn^p ^r-.n 
and 
L^  Cn-s+l)mpJ ^ r , s : n ^'r , s - i : n Cn-s+Omp ^r , s : n • • ^*-^--^ •'^^ 
where 
M'^'^'' = Eh^ 1 , 1 < r < n and ^i^L^i = ETX;! X^ 1 , 1 < r < S < n. 
' ^ n n l^r;nj "^PfSin ( ^ r ; n s ; n j 
I t may be noted t h a t for k < p , C4 .£ . l ,3 : ) g i v e s i n v e r s e 
moments of order s t a t i s t i c s whereas C4.c^, 1.4:J y i e l d s moments of 
r a t i o of two o rder s t a t i s t i c s for which e x p l i c i t r e l a t i o n s a r e 
not a v a i l a b l e i n l i t e r a t u r e . T h e r e f o r e , we have made an a t t empt 
t o o b t a i n t h e s i n g l e and p roduc t moments for k i p as well as 
k < p CAli and Khan, 1994e:). At m = 1 , Burr d i s t r i b u t i o n reduces 
t o L o g l o g l s t i c or Weibu l l -Exponen t i a l d i s t r i b u t i o n whose moments 
were o b t a i n e d by Al-Shboul and KhanC1989:>, and Ragab and 
0reenC1984). For a p p l i c a t i o n of t h i s d i s t r i b u t i o n , orie may r e f e r 
t o TadikamallaC19eo:). 
The pdf of X^.^C 1 < r < n > i s g iven by 
^:n*^^ = S;n[^^^^]'^~^[^-f'^^]''''^^^><^; x > 0 C4.g.l.5^ 
and t h e J o i n t pdf of X^.^ and X ^ . ^ C 1 < r < s < n 5 i s g iven by 
^ r , s rn ' -^ '> '^ = Cp,s,^[FCx.->]^-l[F<y>-FCx>]^- '^-^[l-FCy:)]^-Sffx,fc:y5 
0 < X < y < nn C4. ?.. 1 . 6 ) 
7 9 
wh^r© 
f. _ nj ^ f. _ nj 
> : n Cr-151 Cn-r5l *"^ > , s : n C r - m C s - r - l ) l Cn-s:) 
4.2.2. SINGLE MOMENTS 
F i r s t we w i l l prove t h e fo l l owing lemmas, be fo re commlng t o 
t h e main r e s u l t . 
LEMMA 4-.2.2.1. For any n o n - n e g a t i v e f i n i t e U^^ ff]^i-^ a, b 
a 
J^Ca,b:) = J C-i:>^~^ r M J^CO,a+b-l? C4.2 ,2 . i : ) 
1=0 
Vhere 
fW k + p - 1 a D 
J.Ca,b> = i ^ ; [P"^x^] [1-FCx:)] dx C4.2 .2 .25 
PROOF: Express [ F C X ) ] * as [ 1-(l-FCx:>)] * i n f 4 . 2 . 2 . 2 ^ a n d expand 
i t b i n o m i a l l y t o prove t h e Lemma. 
LEMMA 4.2.2.2. For Burr d i s t r i b u t i o n C4, 2.1.1:) 
-ci+^:) 
J,^CO,b:) = -^ ^ (1+p ' "*~p) C4.2.2.3:) 
k y 
provided i t - and mb-- a r e n e i t h e r z e r o nor n e g a t i v e I n t e g e r . 
PROOF: From C 4 . 2 . 2 . 2 > . we have 
k-Hp-1 J.C.O,b:) = — [ l -FCx5]^ dx 
^ ^0 CI+0x^5 
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•£ 
k+p-1 
^ dx 
0 Cl+^xP.-)"^' '^ 
B(i^^ > m b - n p '^  p p 
THEOREM 4.2.2.1. For Burr d is t r ibut ion C4.£. l.i:) 
I^V^^'^ = JnP^ ^v r, K rS'^-'^ ' n-r+i:) C4. £. 2. 4:? 
r :n r : n k-p 
PROOF: From C4.£.l.i:> and C4.2.1.2:), we have 
p-1 
fcx:> = " " P ^ ^ — [i-FCx:>] C4.S.2.5:) 
c 1 +exP:) 
Thus the result is established in view ol (.4.^,^.^') and C4.2.2.5:) 
So that C4.2.e.4:) along with C4.a.S.i:) and C4.2.S.3? can be 
used to obtain moments of any order statistics X CI i r ^ n). 
r: n 
The major advantage of the formula C4.2.2.4') is thai on^ can 
obtain moments of inverse order statistics Ck < p^. 
4-.2.3. PRODUCT MOMENTS 
To state the main result, first need to prove the following 
lemmas. 
L E M M A 4.2.3,1. For any non-negative integers a, b, c 
b 
Vj ,^ Ca,b,c? =yc-i:>^ [^ ] ^1 k^ s^ +l^ 'i 'O'^+i^ c:4.2.3.1) 
1=0 
where 
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[ l -FCy)]^dx dy . . . . C 4 . e . 3 . e ) 
PROOF: The proof i s same as of Lemma 4 . 1 . 2 . 1 . 
LEMMA 4.2.3.2. For Burr d i s t r i b u t i o n C 4 . e . l . l > 
f, .Ca ,o ,c : ) = —^—r—^— B(ma+mc - ^ , 1 t h ^F^fma-;^, -;J, 
ma+mc - ^^•, ma+1-^, ma+mc+1-^: l l . . . C4 .2 .3 .33 
P P P J 
where 
P ^ 
y r P FCa.+r:) . , q rCb > . 
C4.e . 3. 4^ ) 
q p 
for p = q+1 and ^ b . " ^ ^ j > 0 f.Mathai and Saxena, 1973.) 
PROOF; For Burr d i s t r i b u t i o n , we have from C4.S.3.2.') 
f> yk+p-1 y J + p - 1 
''i.^'^-°''' - Jo c i ^ ^ . ' - - ^ Jo a..xP.-»-^ ' " '^ 
l e t t i n g u=<: 1+0xP':)"•'^  , we ge t 
92 
e'^'i'^ /. „k.p-i P' M K+p-1 . . 
where B Cp,q:) is the Incomplete Beta function. 
Further, set u = Cl+^y'^^" , to get 
p^ 
J u"^ p ^Cl-u)P By<^ ma-^ ,l+^ :> du C4.2. 3.5> 
Now n o t e t h a t CMathai and Saxena, 1973') 
B^cp,q:) = p x^ Q^^^P' 1-q; p+ i ; x5 
-^0 
and I t " " Cl- t :J^ ^ 2^1*^^' ^J ^J ^^ ^^ 
= BCa,b:) 3FgCc, d, a; e , a+b; 1) 
and pvjt t h e s e v a l u e s i n C4.e .3 ,5:) t o comple te t h e proof. 
THEOREM 4.2,3.1. For Burr d i s t r i b u t i o n C4. 2,1,1:) 
r - l 
1=0 
; 1 < r < s < n C4.S.3.f5") 
PROOF; We have 
i =0 " -
[FCy:)-FCx)]^~'^~^ [l-FCy)]""^fc:x:)fCy:) dxdy . . . . C4.e.3.7:) 
R3 
Thus the result follows in view of C4.S.2.6.i and C4.2.3.2J). 
So that C4.2.3.6:) can be used along with C4.S.3.1> and 
C4.S.3.3) to obtain product moments of any order as well as 
moments of ratio of two order statistics for all r, s CI < r < s 
< n:>. 
The result obtained for single moment in C4.2.2.'3.^  cari also be 
established from (:4.2.3.6). Before showing this, first we will prove 
the folia.ng lemma. 
LEMMA 4.2.3.3. For l < r < s < n 
PROOF; From C4. 2. 1. 6.), t h e marginal pdf of X i s q lven by 
h:,.<^^ = i ^ f r , «:„•:'<•>'' -^y 
s - r - 1 
i f l ^ , - ^ - , V ^_^-,t f s - r - l ^ n tr-^ -.^  T s - r - 1 - 1 '-S.^:.^'-^r^'<-0 I C-15^(--'j[l-FCx5]' 
t=o 
^r:n C^ '^^ ]^'^  ^ \> ~ ^^^T ^^^-^^ 
c ^-'-^ 
t -o 
Thus th«^ lemma i s proved. 
fi4 
J , s: n Y r -1^*- f s - r - l ' l 1 
^^,,^ I ^^^ I i J n-B+t+i 
Now 
r - 1 
= ^ ' " P ^ ^ ^ ^ r , s ; n I ^ " ^ ^ ^ [ V j V ^ - p ^ o ^ i - 1 - ^ - - - 1 - n - s ^ O 
i = 0 
r - 1 s - r - 1 
'^ ""^ '"s.s.n i^ -"' (vj 2 -^"' r n 
i = 0 t.=o 
r - 1 
^k-p o^^"'^ '*'^ "^-''^ '""^"''^ '^ ^^ 
s - r -1 
= cmpey s.s.n i^-i'^  (V] I ' - " ' r r ' ] 
1=0 t.=o 
J^ J^x'^-^P-l [l-FCx:)]^~^^i-^ [l-FCy)]"-^^^^ldydx 
r - 1 
1=0 
s - r - 1 
I 
l.=0 
a s -^5E^ 
c:i+f?y 
2 ^ {l-F<y4 = fC 
1 +e?yP5 ^ J 
y> 
r - 1 s - r - 1 
i = 0 t = 0 
C^^-^t l -FCx. ) ] n - r + i + 1 dx 
ftP5 
r-l 
i=o " 
In view of C4.a.e. S:?, C4.e. e.l) and r4.e. e.P5^ , the result is 
established. 
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rm FIVE 
CHARACTERIZATIONS OF 
DISTRIBUTIONS 
5.1. INTRODUCTION 
Moments of order statistics are extensively used in 
characterization of specific distributions. Various approaches 
are available in literature. OoYindaraJuluC1975:), LinC19e8) and 
KampsC1991) used recurrence relations of moments of single order 
statistic to characterize some specific distributions. LinC1989.") 
used product moments of two order statistics to characterize 
Power function. Exponential and Normal distributions, For 
detailed survey one may refer to Hwang and Li nC 1984!) and 
HuangC1989>. In this chapter, we have characterized two general 
class of distributions by the expectation of function of one and 
two order statistics. Incidently, some of the results obtained by 
LinC 1988:), KampsC19915 also follow from our results. To this end, 
we proceed as follows: 
Let X. < X^ < < X denote the order statistics 
1: n 2: n n: n 
of a random sample of s i z e n from an a b s o l u t e l y con t inuous 
d i s t r i b u t i o n f u n c t i o n FCx); x <e C a , ^ ) . 
Let gC.) be a Bnrel meftsurabli^ f u n r t i n n fmm IR t o (F ;^ nd 
E-|g|x Ij-, 1 < r ^ n, t h e e x p e c t a t i o n of a f u n c t i o n of s i n g l e 
order s t a t i s t i c wi th t h e conven t i ons : 
E-{gCc;?)^  = gCc^J, where c i s a c o n s t a n t 
E{gCXQ.^ )> = gCcO and 
EMX^^^_^)^ = gCO^; 1 < r < n. 
Define t h e i n v e r s e f u n c t i o n of F by 
F'^ Ct:) = inf^x: FCx.^  > I}; t € C0,1.) 
Then it can be verified that for C - "' 
"r : n Cr-i:? K.n-rJ! 
^ p f ^ r n l l S n l 9 < F ' ^ C U : ) > V / ^Cl-u:)" "^du C5.1.1> 
C l - u ) ' ^ - ^ ^ ^ 
dCF'^Cu:)]) C5.1.2:) 
E{g[x,,„j} - 4[X,-1, J ) = ^  f^ g-CF-lcu.,./-lci-u."-'-' 
dCF ^C.iO:) C5. 1. 35 
ftfil 
K^ l^ -l^ n-l)} - M'r-Ur,]} = ^ f ^ ^ ( 9'^ "^' cii^:>u^ ^ 
(A-iD^ ^'^^6(F ^(.ID:> f5.1,4> 
Equation C5.1.85, C5. 1.3:) and C5.1.4;) lead the identity 
^^-l^E{^[^;n]} " ^ ^-^"l^K^K-l:n)} = "K<^-l.n-l)} •^^.l.S; 
which was g iven by DavidC198i:) wi th gCx) = x . 
For p roduc t moments, cons ide r gC. , . 5 i s a measurable 
f u n c t i o n from K t o (R. 
I f E-lg (x ,X ly , l < r < s < n d e n o t e s t h e e x p e c t a t i o n of \^  i, r ; n s: njJ 
a f u n c t i o n of two o rde r s t a t i s t i c s , then we have 
K ^ K : n ' ^ s ; n ) } = S , s : n J J g ( F - ^ C u ) , F - l c v 5 ) u ' ^ - l c v - u . — 1 0<u<v<l 
Cl-v:)" ^dudv C5.1 .6) 
and 
0<u<v<l 
F ~ ^ C V : > ) U ' ^ ~ ^ C V - U ) ^ " ^ " ^ C 1 - Y 5 " " ^ ' * " ^ du d[F~^Cv:)) c:5.1.7) 
where S , s : n " C r - l ) ! Cs - r -15 I Cn-s) ' 
Sfi 
52. CHARACTERIZATIONS Or THE GENERAL FORM OF DISTRIBUTION 
FjCx) = 1 - [ahCx)+b] '^\ 
Consider t h e gene ra l form of d i s t r i b u t i o n func t ion F.Cx^) as 
F^C>0 = l - [ahCx:)+b]^; x ^ {ct,0) C S . a . l ) 
wher<9 a ^ 0, b , r ^ 0 ar'^ rcni-;'an* •", nnil li< x ' 1 *: nioiial.orilr. 
d i f f e r e n t i a b l e f u n c t i o n of x. 
Let for gi ven Q. and P. , 
f ^ f.Cx:>dx = Q and f^ f .Cx^dx 
•'a •'a 
= P 
Where f^ CxD i s the pdf of X. 
Then t h e t r u n c a t e d pdf TdyJ and t r u n c a t e d df FCx!) i s given 
r e s p e c t i v e l y by 
f<x5 = p ^ f^<:x3; X € (0^ ,P^ ) C 5. a. 2 ) Q 
FCx:) = P T Q [ F I « ^ X . ^ - Q ] ; X ^ ( Q ^ . P J C^,2.3:) 
Let 
00 
then the MUntz-SzAsz theorem states that the sequences 
( t ^  I and I Cl-t) ^  1 are 
I J(nJ I /(nj 
I'Sl i € l 
complete i n L ( 0 , l ) CKamps, 199i:> 
QO 
THEOREM 5.2.1, Let F C ? be t h e d i s t r i b u t i o n func t ion with 
E|X| < 00 for some i > 1. Let t h e inverp;<^ f u n c t i o n F (.^ h^ 
p o s i t i v e on [0 ,13 and F '^CO"^? = Q^, F ' ^ C I ^ = P^. Assume f u r t h e r 
t h a t {n.}, i = 1 , a, . . . . . be a sequence of i n t e g e r s s a t i s f y i n g 
00 
£ < n, < n^ < . . . . and ^ ~ - = oo. Then for 1 < r < s < n. 1 2 4L n. 1 
i = l ^ 
= - a ; 7 f e [ E H ' < r , n , - l ' ' ' s . n ^ - l j } " ^ K : r - , - 1 - " s 1: n , - 1 ] } ] 
n ^ - s ' i : . c a g K ' ' r , r , , - ' ' s : r , J ) f ^ ' S ^ 
i f and on ly i f 
FCx:> = Qg - i ^ ^ ^ ^ ^ j ^ ; X « E ( Q ^ . P ^ J fS.a.S.-) 
where 
mCx,y:) = [ahCy:J+b] %^j^^ g'Cx,y:J = ^ gCx.y:), h 'Cy) = ^ hCy!), 
Pg - pzQ and Q - ^^, 
PROOF: I n t h e Theorem 3 . 3 . 1 CAli and Khan, 1994b:) we have shown 
t h a t for d i s t r i b u t i o n ' s . S. P5), r e l a t i o n CF). a .4^ ho lds and ]\f*urf> 
t h e "if" p a r t . 
To prove t h e "only i f " p a r t , we have i n vl^w of CS.l .e;) and 
CS. 1.7:>. 
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^ 4.1 
r , s : n . , , _. _, ^_. „ . n , - s+1 n h ^ j j g 'CF-^<u>,F-^CY5)t / -^Cv- t .O^-^-Vl-v : ) ^ 
-1 1 2 r , s : n. -1 ^ ^ _. _., . 
•^ (•^  ^ ^ ^ ) = - <;n,-s.i:)(;n -s> J J '^ t^ ^ '"''^ ^ ^ ^ 3 " 
^ ^ 0<u< v<l 
C 
_ _i _c -4 r , s : n 
0<ij< v < l 
F V.v>)ij' ' ^Cv-u)^ ^ ^Cl-v) '^l ^dudv 
i t h a t i s , I C1-Y:> ^ g Cv!) dv = 0 
where 
g Cv) = NCl-v+P^^CF CY:>:) + —A \ 
LI ^ cah 'CF ^Cv:?:)-' 
• f g'(F~^t:u),F~-^c:v?)ij^~^Cv-u)^~'^~^ dul 
Under t h e g iven c o n d i t i o n s i s comple te i n LCO.l) CSee 
Lin, 1969 and Kamps, 1991). 
Y 
Since f g' (F~^Cu> ,F"^CV:>)U'^~^CV-U:>^" '^~^ du ;- 0 
• ' 0 
There fo re , g Cv:) = 0 
which i m p l i e s . 
That i s 
cah 'CF ^Cv:?.") CF ^Cv;)?' 1 
ir-^ r-Y+P 
log^[ahCF ^<:v:>>+b]^ = log^ [1-v+Pg]+k 
where k i s a c o n s t a n t of i n t e g r a t i o n which at v=0 g ive s 
k = log CP-a». 
e 
The re fo re 
[ahCF'-^Cv^^+b]*^ = CI-v+Pglx-p-Q) 
^r V = Lz9 _ [ahCF~^Cv:»tb]^ 
^ ' P-Q CP-Q> 
that is 
PCX) = Qg ^ 3 ^ ; X € ( O ^ . P j ) 
and hence t h e r e s u l t . 
THEOREM '52.2.. under t h e c o n d i t i o n s nf Theor'^m '^. 2, 1 
C5. 2 . 6 ) Cn^+l>ca^\^l ,^r:n^-H ' ' ^ s r n ^ + l j j • ' 
i f and on ly If 
FCX5 = Qg - i ^ ^ i ^ ^ l ^ ; X € ( Q ^ , P J . . . . r 5 .2 .7> 
where ZCx,y:) = [ahCy^+b]^""^ ^ W ^ ' ^2 = F ^ ' -a'^^-y^ = ^ gf:x,y) 
and h'Cy5 = -^ hCy:>. 
9:=« 
PROOF; The "if" part follows from Theorem 3.3. £ CAli and Khan. 
19945:?. 
To prove "only if" part, proceed on ihf* sam<* lines of 
Theorem 5.2.1. to get the required result. 
THEOREM 5.2.3. under the conditions of The Theorem 5.2.1 
if and only if 
where mCx) = [ahCxU+b] g, ^, -^  • 
PROOF; The T^ leo^ em can be deduced from C5.2,l!) by puiiing ^j... ^s 
constant and replacing s by r. 
THEOREM 5.2.4. under the conditions of 'Iheorem S. 2. 1 the 
following statements are equivalent. 
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where ZCx,y:) = [ ahC y)+b] ^ ""^  ^'\^^<i^l ^^"^ g'^-x,y.) = ^ gCx,y? 
PROOF; For t h e gene ra l form of d i s t r i b u t i o n f u n c t i o n as given in 
(.i:> we can e a s i l y g e t C i i ) , Ci i i ; ) and Civ]) i n view of Theorem 2 . 3 . 3 
To show t h a t C i i ) , Cil lD and Civ!) i m p l i e s Ci5 , p^ r oceed on 
t h e l i n e s of Theorem 5 . 2 . 1 . 
For proper c h o i c e of a, b , c and hCx ' . v a r i o u s d i s t r i b u t i o n s 
can be o b t a i n e d as g iven i n Table 3 . 3 . 1 of Chapter Three CKhan 
and Abu-Salih, 1989:). 
5.3. CHARACTERIZATIONS OF THE GENERAL FORM OF DISTRIBUTION 
FJCK) - [ ahCx>+b] ^. 
Let us assume t h a t t h e d i s t r i b u t i o n funcl ior i F.Cx^ i s of t h e 
genera l form 
F^ cx:> = [ahcx:)+b]'^; x^(,<x,(3') rg.a.i:) 
where a ?* 0, b , c ?* 0 a r e c o n s t a n t s and hCxI) i s a d i f f e r e n t i a b l e 
f u n c t i o n of x i n t h e i n t e r v a l [a.ft] . 
Q'^ 
THEOREM 5.3.1. under the conditions of TTieorem 5.2.1 
n,P 
= Cn/-stl4K^(''.-^n^-l'''s:n^-l]} " ^{9 (\: n^-1' ""s-l. r,^ -1 ])] 
-<n^-sil>c-^K"'[''r;n^'''s,r,j} " ' ^ ^ 
if and only if 
where Q^ = 5 ^ and P^ = p^Q-
PROOF*. For the distribution function C5.3.3), it is easy to show 
that C5.3.2:) exists in view of Theorem 3.4.1 CAll and Khan, 
1994W. 
To prove the "only if" part, we ge^ after simplification 
(1-v) ^ g (:v:>dv = 0 
where 
U "^ ah ' (F ^Cv^)J 
. [ g ' (F~^Cu^,F~^rv))ti'^"^Cv lO*^""^'^ dul 
r " 1 ^ 
Under t h e g iven c o n d i t l o t i s K 1 ~ Y ) f i s comple t e , i m p l i e s t h a t 
Qfj 
g^v!) = 0 
which y i e l d s t h e s o l u t i o n 
lahCx)+b]^ 
THEOREM 5.3.2. under the cond i t ions of Theorem 5.2.1 
i f and on ly i f 
FCX5 = - Q3 + i ^ t l ^ ^ ^ ^ , X ^ CQi-Pp C5. 3 .5> 
PROOF: For d i s t r i b u t i o n CS.3.5:> r e l a t i o n C5. 3. 4? was o b t a i n e d by 
from Theorem 3 . 4 . 3 CAll and Khan, 1994b:). Remaining p a r t of t h e 
proof fo l lows l i k e Theorem 5 . 3 . 1 . 
THEOREM 5.3.3. under the cond i t ions of Theorem 5. £, 1 
I f and only I f 
, r 
FCx) = - Q^ + ^ ^ ^ ' p ^ ^ ^ ; X «= (O^ . P p r s . 3. ?:> 
P7 
PROOF: This i s e s s e n t i a l l y Ther^rem ??. :^ . I with X ?\ rnnstr-^nl 
r : M^ 
THEOREM 5.3.4, under the conditions of Theorem 5.2.1 the 
followingstatements are equivalent. 
CD FCx) = - Q^ + pZQ ; x € CQ^.P^) 
PROOF: For FCK) a s g iven In C O , r e l a t i o n s Cli:?, C i l O and Clv> 
were o b t a i n e d i n view of Theorem £ . 4 . 2 CAli and Khan. 1994a:). 
To show C l l ? , C l l l ^ and C1 v> 1 mply C1.) piroceed 1 n t h e same 
way as of Theorem 5. 3. 1. 
For proper c h o i c e of a, b , c and hCx> some s p e c i f i c 
d i s t r i b u t i o n s havebeen p r e s e n t e d i n Table 2 . 3 . 1 CAli and Khan, 
1994c>. 
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k?v£%m')c 
C MAIN PROGRAM FOR CALCULATION PRODUCT AND RATIO MOMENTS 
Q ****************************************************** 
C *** "PMIUCZO.ZO)" ARE THE OFF DIAGONAL ELEMENTS OF PRODUCT 
C *** nOMENTS 
C *** "SMIU(20)" ARE THE DIAGONAL ELEMENTS OF PRODUCT MOMENTS 
IMPLICIT REAL*8(A-H,0-Z) 
DIMENSION PMIU(20,20). SMIU(20) 
0PEN(1,FILE='AL3.RES'.STATUS='NEU') 
J = l 
K=l 
C *** FOR K=-l GIVES RATIO MOMENTS ********************* 
THETA=1.0 
C *** "NI" IS THE NUMBER OF SETS IN A TABLE ******* 
C *** "AM" AND "THETA" IS THE PARAMETRIC VALUE OF DISTRIBUTION 
Q *** "n» IS xHE SAMPLE SIZE 
C URITEC*,*)'GIVE THE VALUE OF NI=' 
C 
C 
C 
READ(*,*)NI 
DO 3333 AM=0.5,5.0,0.5 
NI = 10 
URITE(*,*)'GIVE THE VALUE 
READ(*,*)AM 
URITECl,*) 
URITEd,*) 
URITECl,*) 
URITECl,*) 
URITECl,*) 
URITEC1,2)J,K,AM,THETA,NI 
FORMATC8X'j=',I2,4X,•k-m=' 
'Theta=',F5.2,4X,•n=',12) 
URITECl,*) 
URITECl,3)' n a r',CI,I= 
FORMATC1XA8,I3,<NI-1>I8) 
URITECl.4) 
DO 13 N=1,NI 
N1=N-1 
TJ=1.+DFL0ATCJ)/AM 
TK=1.+DFL0ATCK)/AM 
XX=TJ+TK 
CALL GAMMACXX.GX,lER) 
XXl=XX-2. 
C0NST=THETA**XX1*GX 
DO 55 IR=1,N1 
IS1=IR+1 
IR1=IR-1 
OF in=' 
• ,12,4X, 'm=' ,F5.2,4X, 
=1,NI) 
********************************************************* 
DO 105 IS=IS1,N 
PMIUCIR,IS)=0.0 
106 
IS2=IS-IR-1 
ICRSN=IFACT(N)/(IFACT(IR-1)*IFACT(IS-IR-1)*IFACT(N-IS)) 
CRSN=DFLOAT(ICRSN) 
Q ******************************************************** 
sun=o.o 
DO 200 1=0,IRl 
sun2=o.o 
SUni=(-l.)**I*DFLOAT(IBINO(IR1,I)) 
DO 300 JT-0,IS2 
AA=FLOAT(I+IS-IR-JT) 
CC=FL0AT(N-IS+1+JT) 
P=AA/(AA+CC) 
C SUBROUTINE CALL FOR CALCULATING INTEGRAL VALUE 
CALL GLQ(0.0,P,RES,TJ,TK) 
SUM2 2=(-l.)**JT*DFLOAT(IBINQ(IS2,JT))*RES/(AA**TJ*CC**TK) 
SUn2=SUI12 + SUM22 
300 CONTINUE 
sun=suM+suni*sun2 
200 CONTINUE 
C OUTPUT RESULT OF MOMENTS (OFF DIAGONAL ELEMENTS) 
PMIUCIR,IS)=CONST*CRSN*SUM 
105 CONTINUE 
55 CONTINUE 
C COMPUTING DIAGONAL ELEMENTS 
TJK=1.+DFLOAT(J+K)/AM 
CALL GAMHA(TJK,GXX,IER) 
C0NSTT=THETA**(TJK-1.)*GXX 
DO 222 IR=1,N 
ICRN=IFACT(N)/(IFACT(IR-1)*IFACT(N-IR)) 
CRN=DFLOAT(ICRN) 
IRR=IR-1 
SMIU(IR)=0.0 
SSUM=0.0 
DO 333 1=0,IRR 
SSUM1=(-1)**I*DFL0AT(IBINQ(IRR,I))/(DFL0AT(N-IR+1+I)**TJK) 
SSUM=SSUM+SSUM1 
333 CONTINUE 
SMIU(IR)=CONSTT*CRN*SSUM 
222 CONTINUE 
C *** WRITING THE RESULT IN EXPECTED DESIGN ********** 
URITE(1,11)N,'1',SMIU(1) 
URITE(*,11)N,'1',SMIU(1) 
11 F0RMAT(1XI2,2X,A1,F8.4) 
DO 555 IS=2,N 
URITE(1,4 20)IS,(PMIU(IR,IS),IR=1,IS-1),SMIU(IS) 
URITE(*,4 20)IS,(PMIUCIR,IS),IR=1,IS-1),SMIU(IS) 
555 CONTINUE 
420 F0RMAT(4X,I2,<IS>F8.4) 
URITECl,*) 
URITEC*,*) 
13 CONTINUE 
URITECl.4) 
3333 CONTINUE 
URITEC*,*)'OUT-PUT ALREADY SAVED IN FILE "AL3.RES'" 
107 
STOP 
END 
Q ***************************************************** 
C *** FUNCTION FOR CALCULATION FACTORIAL VALUE **** 
FUNCTION IFACT(K) 
IMPLICIT REAL*8(A-H,0-Z) 
IFACT=1 
IF(K.EQ.O)RETURN 
DO 210 J=1,K 
IFACT=IFACT*J 
210 CONTINUE 
RETURN 
END 
Q ***************************************************** 
C *** FUNCTION FOR CALCULATION BINOMIAL COEFFICIENT 
FUNCTION IBINQCN.I) 
IMPLICIT REAL*8(A-H.0-Z) 
IBINO=IFACT(N)/(IFACT(N-I)*IFACT(I)) 
RETURN 
END 
Q ***************************************************** 
C SUBROUTINE FOR CALCULATION GAMMA VALUE 
SUBROUTINE GAMMA(XX,GX,IER) 
IMPLICIT REAL*8(A-H,0-Z) 
x=xx 
ERR=1.0E-15 
IER=0 
GX=1.0 
IF(X-2.0)50,50,15 
10 IF(X-2.0)110,110, 15 
15 X=X-1.0 
GX=GX*X 
GOTO 10 
50 IF(X-1.0)60.120,110 
C SEE IF X IS NEAR NEGATIVE INTEGER OR ZERO 
60 IF(X-ERR)62,62,80 
62 K=X 
Y=DFLOAT(K)-X 
IF(DABS(Y)-ERR)130,130,6 4 
64 IF(1.0-y-ERR)130,130,70 
C X NOT NEAR A NEGATIVE INTEGER OR ZERO 
70 IF(X-1.0)80,80,110 
80 GX=GX/X 
X=X+1.0 
GOTO 70 
110 Y = X-1.0 
GY=1.+Y*C-0.57710166+Y*(0.98585399+y*(-0.87642182+Y*(0.83282 
1 Y*(-0.5684729+Y*(0.25482049+Y*(-0.05149930))))))) 
GX=GX*GY 
120 RETURN 
130 IER=1 
RETURN 
END 
Q ********************************************************* 
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C *** SUBROUTINE OF GAUSS-LEGENDRE QUADRATURE (INTEGRATION) 
C *** 15 POINTS FORMULA ******************************* 
SUBROUTINE GLQ(A,B,RES,TJ,TK) 
IMPLICIT REAL*8(A-H,0-Z) 
DIMENSION Z(0:14),U(0:14),X(0:14) 
C *** NODES ARE THE FOLLOWING ************************* 
Z(0)=0.000000000000000 
Z(1)=0.201194093997435 
Z(2)=-ZC1) 
Z(3)=0.394151347077563 
Z(4)=-Z(3) 
Z(5) = 0.57097 2172608539 
Z(6)=-Z(5) 
Z(7)=0.724417731360170 
Z(8)=-Z(7) 
Z(9)=0.848206583410427 
Z(10)=-Z(9) 
Z(11) =0.9372733924007706 
Z(12)=-Z(ll) 
ZC13) = 0.987992518020485 
Z(14)=-Z(13) 
C *** UEIGHTS ARE THE FOLLOWING ****************** 
U(0)=0.202578241925561 
U(1) = 0.198431485327111 
U(2)=U(1) 
U(3)=0.186161000115562 
U(4)=UC3) 
U(5) = 0.166269205816994 
U(6)=U(5) 
U(7)=0.139570677926154 
U(8)=U(7) 
U(9) = 0. 107159220467172 
U(10)=U(9) 
U(ll) = 0.070366047488108 
U(12)=U(11) 
U(13) = 0.030753241996117 
U(14)=U(13) (2 *************************************************** 
SUM=0.0 
DO 10 1=0,14 
X(I)=(Z(I)*(B-A)+B+A)/2.0 
SUM=SUM+U(I)*FCT(X(I),TJ,TK) 
10 CONTINUE 
C *** INTEGRATION RESULT IS "RES" ****************** 
RES=(B-A)/2.0*SUM 
RETURN 
END 
C *** FUNCTION TO BE INTEGRATED ******************** 
FUNCTION FCT(ARG,TJ,TK) 
IMPLICIT REAL*8(A-H,0-Z) 
FCT=ARG**(TJ-1.)*(1.-ARG)**(TK-1.) 
RETURN 
END 
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